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1 Introduction

In this section we will discuss the shortfalls of classical methods of numerical integration in multidimen-
sional space (usually Rd, d ≥ 4). Thus, we motivate the introduction of Monte Carlo integration which
will be the main focus of this bachelor thesis (and is formally introduced in section 3).

For simplicity we limit ourselves to the composite trapezoidal rule (as a method of classical numerical in-
tegration). For our purpose, it contains all the features necessary to demonstrate the need for alternative
multidimensional integration techniques, but eliminates a number of technical complications (unequally
spaced points, for example). For a twice continuously di�erentiable function f : [a, b] ⊂ R → R the
composite trapezoidal rule is given by (see e.g. [5, p. 428-435])

ˆ b

a

f(x) dx =
b− a
n

?
n∑
i=0

f(xi)−
(b− a)3

12n2
f ′′(ξ)

=
b− a
n

?
n∑
i=0

f(xi) +O(n−2),

for some ξ ∈ (a, b) and where n+ 1 is the number of function evaluations (with n ∈ N≥0). In addition

xi = a+
i

n
(b− a), 0 ≤ i ≤ n

and
?
n∑
i=0

f(xi) :=
1

2
f(x0) +

n−1∑
i=1

f(xi) +
1

2
f(xn).

This method can be extended (in an obvious way) to integration of f : J ⊂ Rd → R by using Fubini's
theorem (see e.g. [17])

ˆ
J

f(x) dx =

ˆ
J1

· · ·
ˆ
Jd

f(x) dx1 . . . dxd

=
volJ

nd

?
n∑

i1=0

· · ·

?
n∑

id=0

f(xi) +O(n−2)

=
volJ

nd

?
n∑

i1=0

· · ·

?
n∑

id=0

f(xi) +O(N−2/d)

with multi-index i = (i1, i2, . . . , id) and where J = J1× · · · × Jd is the Cartesian product of the intervals
J1, . . . , Jd ⊂ R. The volume of J is denoted by volJ . In addition, N = (n+ 1)d = O(nd) is the number
of function evaluations we need to perform.

In light of this result we can characterize our dilemma as follows:

1. The number of function evaluations N = (n+ 1)d increases exponentially as the number of dimen-
sions increases.

2. The error bound O(N−2/d) becomes worse as the number of dimensions increases.

Collectively this is referred to as the curse of dimensionality (the term is due to R. Bellman, see
[21]). For instance, for d = 10 the error bound is O(N−1/5). Therefore, we must increase the number of
function evaluations by a factor of 32 to double the accuracy.

In the following section we will develop a method which (independently of dimension) scales as O(N−1/2).
This is accomplished by evaluating the function on randomly determined points. For an illustration of
some typical convergence rates see Figure 1.1.

1



Figure 1.1: Typical convergence rates.

Furthermore, we should remark at this point that if we integrate f over a set V which can't be written
as a product of intervals it is necessary to integrate f · χV over J where V ⊂ J . However, in general
f ·χV 6∈ C2(J) even if f ∈ C2(J); therefore, the error bound of the composite trapezoidal rule as derived
above is no longer valid.

As will be shown in section 3, the error bounds for Monte Carlo integration requires only (the much
weaker) assumption of integrability. Additionally, we can integrate over V directly, if we are able to
generate uniformly distributed random numbers on V and know the value of volV .

2 Prerequisites from probability theory

In this section we will brie�y review the concepts from probability theory which are needed in section 3
and 4. Most of the de�nitions and theorems in this section are taken from [20] and [26] respectively.

De�nition 2.1. We call (Ω,A, P ) a probability space if

1. Ω 6= ∅ (Ω is called the set of all outcomes).

2. A ⊂ P(Ω) is a σ-algebra (A is called the set of all events).

3. P is a probability measure on A.
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De�nition 2.2. Let (Ω,A, P ) be a probability space. We call X : Ω → R a random variable if
{ω ∈ Ω : X(ω) < x} ∈ A for every x ∈ R. A �nite collection of random variables is called a random
vector.

De�nition 2.3. We denote a uniformly distributed random vector over V ⊂ Rd by writing X ∼
U(V ). We denote a normally distributed random variable with mean µ and standard deviation σ by
writing X ∼ N (µ, σ).

It should be noted that in the previous de�nition no explicit reference is made with respect to the
probability space that is attached to each random variable. This space is to be understood implicitly (for
more information see a text on probability theory, e.g. [26]). At this point it seems prudent to explain
our notation. We denote random variables by capital letters and vectors by bold letters, i.e. x, x, X,
and X would denote a variable, a vector, a random variable, and a random vector respectively.

De�nition 2.4. We call a collection of random variables/vectors X1, . . . , Xi i.i.d (independent and
identically distributed) if their distributions are equal and every two of them are pairwise independent.

Therefore, we require not only that the random vectors are pairwise independent and identically dis-
tributed, but in addition that the random variables in every random vector are i.i.d, as a collection of
random variables.

De�nition 2.5. The probability distribution of a random variable X is denoted by L(X).

The next theorem introduces the two most commonly employed notions of convergence of a sequence of
random variables.

De�nition 2.6. Let (Xi)i≥1 be a sequence of random variables and suppose X is a random variable.
Then

Xn
D−→ X :⇐⇒ lim

n→∞
‖L(Xn)− L(X)‖ = 0

Xn
a.s.−→ X :⇐⇒ P{ω ∈ Ω : |Xn(ω)−X(ω)| → 0} = 1

is called convergence in distribution and convergence almost surely respectively. The total variation
norm of the probability distribution µ is denoted by ‖µ‖ := supA∈A |µ(A)| (see [22, p. 109]).

If Ω ⊂ R the following equivalent de�nition of convergence in distribution is more commonly employed.

De�nition 2.7. Let Ω ⊂ R. Then

Xn
D−→ X :⇐⇒ ∀x ∈ R : F (x)→ FX(x),

where FX denotes the cumulative distribution function (cdf) of X.

The next two theorems establish the limiting behavior of a sum of random variables and will therefore
be vital in the derivation of Monte Carlo integration methods.

Theorem 2.8. (Strong law of large numbers). Let (Xi)i≥1 be an i.i.d sequence of random variables
where E(Xi) = µ, µ ∈ R. Then

1

N

N∑
i=1

Xi
a.s.−→ µ, as N →∞.

Proof. See e.g. [26, p. 408-410].

Theorem 2.9. (Central limit theorem). Let (Xi)i≥1 be an i.i.d. sequence of random variables where

E(Xi) = µ, µ ∈ R and Var(Xi) = σ2, σ2 ∈ R. Then
1
N

∑N
i=1Xi − µ
σ/
√
N

D−→ N (0, 1), as N →∞.

Proof. See e.g. [26, p. 399-401].
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3 Monte Carlo integration

3.1 Plain Monte Carlo integration

This section is mainly based on [30, Chap. 3] and [6]. Consider the following integral

I :=

ˆ
V

f(x) dx

which needs to be computed numerically and where V ⊂ Rd with volV < ∞. The idea of Monte Carlo
integration is to randomly sample a number of points from V and evaluate the function f at those points.
Similar to classical (numerical) integration the average of those values (up to multiplication with volV )
converges to I. The next theorem provides the mathematical justi�cation of this statement.

Theorem 3.1. (Monte Carlo integration). Let f ∈ L1(V ) and suppose (Xi)
N
i=1 is an i.i.d. collection

of random vectors, where Xi ∼ U(V ). Then

IN :=
volV

N

N∑
i=1

f(Xi)
a.s.−→ I, as N →∞.

Proof. Clearly f(Xi) is a random variable. Furthermore,

E(f(Xi)) =

ˆ
V

f(Xi) dU(V )

=
1

volV

ˆ
V

f(x) dx.

Since the integral is �nite, our result follows from the strong law of large numbers (Theorem 2.8).

Thus, we have established that it is possible to �nd a sequence of random variables that converges to the
desired integral. The next step is to determine the rate of convergence. Remember, that IN is a random
variable, i.e. we can only �nd a probabilistic error bound. The next theorem computes the variance of
IN . In order to get a probabilistic error bound, the central limit theorem (Theorem 2.9) will then be
employed.

Theorem 3.2. Let f ∈ L1(V ) and suppose (Xi)
N
i=1 is an i.i.d collection of random vectors, where

Xi ∼ U(V ). Then

Var (IN ) =
(volV )2

N
Var(f(X1)).

Proof. Since the independence assumption implies Cov(f(Xi), f(Xj)) = 0 for i 6= j, it follows that

Var

(
volV

N

N∑
i=1

f(Xi)

)
=

(volV )2

N2

N∑
i=1

N∑
j=1

Cov (f(Xi), f(Xj))

=
(volV )2

N2

N∑
i=1

Var(f(Xi))

=
(volV )2

N
Var (f(X1)) .

It should be noted that we used the fact that f ∈ L2(V ) since

Var (f(Xi)) =

ˆ
V

[f(Xi)− E (f(Xi))]
2

dU(V )

=
1

volV

ˆ
V

[
f(x)− I

volV

]2

dx
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requires the square integrability of f . However, since volV is �nite f ∈ L1(V ) implies f ∈ L2(V ) (by the
Cauchy-Schwarz inequality).

Theorem 3.3. Let f ∈ L1(V ) and suppose (Xi)
N
i=1 is an i.i.d collection of random vectors, where

Xi ∼ U(V ). Furthermore, s ∈ R≥0. Then (for large enough N)

P

{
|IN − I| ≥ s ·

volV σ(f(X1))√
N

}
≈ 2Φ(−s),

where Φ is the cdf of N (0, 1).

Proof. Since (Xi)
N
i=1 is i.i.d., so is (f(Xi))

N
i=1 and we can invoke the central limit theorem (Theorem

2.9) to obtain

IN − I
volV σ (f(X1)) /

√
N

=
1
N

∑N
i=1 volV f(Xi)− I

volV σ (f(X1)) /
√
N

D−→ N (0, 1).

If N is large enough, we get an approximation to the limiting behavior, from which our result follows.

Continuing the discussion started in the introduction, we note that the requirements of the above error
bound is merely f ∈ L1(V ) (compared to f ∈ C2(V ) as in the classical method). That is, if we are
unable to sample uniformly from V (or if we are unable to compute volV ) it is still possible to use our
error bound as long as we are able to �nd a product of intervals J such that V ⊂ J and f · χI ∈ L1(J).
We will revisit this approach at the end of this section (e.g. in Example 3.6).

In a computer program we output the standard deviation of our �nal approximation (The standard devi-
ation is preferred over the variance since it is measured in the same units as our random variable f(Xi)).
However, since σ(f(Xi)) is usually not known, we substitute the following (well known) approximation

Var(IN ) ≈ S2
N :=

1

N − 1

N∑
i=1

(f(xi)− IN )2 =
1

N − 1

N∑
i=1

f2(xi)−
N

N − 1
I2
N ,

where xi are the points which have been sampled from the random variables Xi (i.e. xi is a realization
of the random variable Xi).

An implementation of the plain Monte Carlo method can be found in Listing 2.

3.2 Importance sampling

The method introduced in the previous section forms the basis of all Monte Carlo integration methods.
However, we can improve this method by reducing the variance of IN that is given in Theorem 3.2. In
this section we will introduce a method called importance sampling which uses a non-uniform sampling
distribution to focus sampled points in areas where |f | is large (i.e. f has a large contribution to the
integral).

Other methods to reduce the variance of IN have also been used. The exploitation of correlated variables
(the method of antithetic variables as described, e.g., in [6, p. 14] or [30, p. 15]) and the division of V
into subsets with di�erent sample sizes in each subset (the method of strati�cation as described, e.g., in
[6, p. 16-19] or [30, p. 13-14]) being the most common. In this bachelor thesis, however, we will focus
on importance sampling, which, in addition to being a valuable technique on its own, forms the basis of
the VEGAS algorithm as described in section 3.3.

Suppose p : V → R is a probability density function (pdf) that is approximately proportional to
|f |. In this case, the following theorem provides the mathematical formulation of importance sampling.

Theorem 3.4. Let f ∈ L1(V ), p : V → R be a pdf such that f2/p ∈ L1(V ), and suppose (Xi)
N
i=1 is an

i.i.d collection of random vectors. Then

IN ;p :=
1

N

N∑
i=1

f(Xi)

p(Xi)

a.s.−→ I, as N →∞ (3.1)
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and

Var(IN ;p) =
1

N

ˆ
V

(
f(x)

p(x)
− I
)2

p(x) dx.

Proof. Consider,

E

(
f(Xi)

p(Xi)

)
=

ˆ
V

f(Xi)

p(Xi)
dp

=

ˆ
V

f(x)

p(x)
p(x) dx

=

ˆ
V

f(x) dx.

Therefore, the �rst result follows from the law of large numbers. Furthermore, the second result follows
from

Var(IN ;p) =
1

N2

N∑
i=1

N∑
j=1

Cov

(
f(Xi)

p(Xi)
,
f(Xj)

p(Xj)

)

=
1

N2

N∑
i=1

Var

(
f(Xi)

p(Xi)

)
=

1

N
Var

(
f(X1)

p(X1)

)
=

1

N

ˆ
V

(
f(X1)

p(X1)
− I
)2

dp

=
1

N

ˆ
V

(
f(x)

p(x)
− I
)2

p(x) dx.

As already mentioned, if we choose the pdf p such that f/p ≈ const; then, Var(IN ;p) ≈ 0 which has the
desired e�ect of minimizing the variance of IN ;p. Now, naively we might choose

p(x) =
|f(x)|´

V
|f(x)|dx

,

which clearly is a probability density function. This, however, isn't feasible, since we must know the
normalization constant and therefore have to solve a problem equally complicated as our original task
to compute I. Even if we could sample from p without computing the normalization constant (such an
algorithm will be introduced in section 4.2) it is still necessary to compute p(xi) which once again would
require the computation of the normalization constant. Therefore, we must �nd a function p that (up to
a normalization constant which we are able to compute) approximates |f | as closely as possible.

As in the previous section, we often need the following (well known) estimate of Var(IN ;p).

Var(IN ;p) ≈ S2
N ;p :=

1

N

1

N − 1

N∑
i=1

(
f(xi)

p(xi)
− IN ;p

)2

=
1

N

[
1

N − 1

N∑
i=1

f2(xi)

p2(xi)
− N

N − 1
I2
N ;p

]

=
1

N(N − 1)

N∑
i=1

f2(xi)

p2(xi)
− 1

N − 1
I2
N ;p.
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3.3 The VEGAS algorithm

The approach to variance reduction discussed in the previous section (importance sampling) requires a
good estimate of the function to be integrated beforehand. Often, however, such knowledge can't be
assumed and we need an algorithm that adaptively learns about the function and chooses the appropriate
sampling distribution as it proceeds. In this section we will introduce one such method which is referred
to as the VEGAS algorithm (as described in [18]).

The basic idea is to start with a uniform distribution in the �rst iteration of the algorithm and then adjust
the probability distribution at the end of every iteration in accordance with the previously sampled points.
The di�erent iterations are then (weighted by the estimated variance) combined to a single solution. It
is also possible to use distinct sample sizes in di�erent iterations (e.g. we often use a couple of iterations
to get a good probability distribution and then a much larger sample to compute the integral).

However, the problem of approximating the probability distribution by a number of sampled values
remains. The naive method would include the construction of a grid. However, suppose we have d
dimension and n bins per dimension; then, our grid would contain

nd

elements; however, usually N � nd. Clearly, it is not feasible to estimate the values of this grid. If we
suppose that p can be separated such that

p(x) =

d∏
i=1

pi(xi),

where pi are probability density functions of a single variable. Then there are only d · m elements in
our grid (every dimension is treated separately, disregarding all other dimensions). The validity of this
assumption, clearly, in�uences the e�ciency of the VEGAS algorithm. However, the worst case scenario
is a return to plain Monte Carlo integration with the additional computing cost which is necessary to
determine the grid.

In the �rst iteration we start with a uniform grid and adjust the bins (separately per dimension) at every
iteration such that the size of a bin is inversely proportional to |f |. This leads to the VEGAS algorithm.

Algorithm 3.5. (VEGAS).

1. Setup a matrix P ∈ Rd×n where n ∈ N is arbitrary and Pij := j
n .

2. Set α := 0.

3. Set α := α+ 1.

4. Sample ji ∈ N uniformly over 1 ≤ j ≤ n, where 1 ≤ i ≤ d.

5. Sample x1 uniformly from the volume Vx1
:=
∏d
i=1(ak + (bk−ak)(Piji−1

, Piji)), where Pij0 = 0 for
all 1 ≤ i ≤ d.

6. Repeat step (5) for x2, . . . ,xNα .

7. Calculate

Sα :=
1

Nα

Nα∑
k=1

f(xk)

p(xk)

and

σ2
α :=

1

Nα − 1

1

Nα

Nα∑
k=1

f2(xk)

p2(xk)
− 1

Nα − 1
S2
α,

where p(xi) =
(
ndvolVxi

)−1
.
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8. Adjust Pij (for every i) such that Sαj := 1
Nα

∑
x∈Vj |f(x)| ≈ 1

n
1
Nα

∑Nα
k=1 |f(xk)|, where Vj =

I1 × · · · × Ii−1 × (ai + (bi − ai)(Pi(j−1), Pij))× Ii+1 × Id and Pi0 = 0.

9. if α < m goto step (3).

10. Calculate

σ2 :=

(
m∑
α=1

1

σ2
α

)−1

,

I := σ2
m∑
α=1

Sα
σ2
α

.

We can use σ̄ as an estimate of the overall standard deviation of I. The VEGAS algorithm is implemented
in Listing 3.

3.4 Applications

Example 3.6. (Decay rate of the muon).

In the �eld of particle physics, the decay rates of elementary particles are of interest. In this example
we will calculate the mean lifetime of the following muon decay channel

µ→ e+ νµ + νe

i.e., the muon decays into an electron (e), a muon neutrino (νµ) and an electron antineutrino (νe).
Since this bachelor thesis is a mathematical treatment of Monte Carlo integration, we will omit most of
the derivation that results in an integral suitable for Monte Carlo integration (The interested reader is
referred to the more detailed discussion found in [12, p. 304-309]). In what follows, we need the numerical
values of the physical constants listed in Table 3.1 (all digits shown are experimentally signi�cant).

Description Symbol Value
Mass of the muon mµ 0.105GeV
Mass of the electron me 0.510MeV
Mass of the W boson mW 80.4GeV
Weak coupling constant gw 0.66
Experimental value of the mean muon lifetime τE 2.197 ns

Table 3.1: Physical constants (taken from [4]).

Except for the mean lifetime of the muon (which is measured in seconds), we used in Table 3.1 and will
continue to use natural units. In those units energy and mass is measured in GeV (Giga electronvolt).
In addition, ~ = 1 and c = 1 (i.e. the reduced Planck constant and the speed of light are one unit of
action and speed respectively).

Now, in our example Fermi's golden rule for single particle decay states that to �rst order in gw we have
(see [12, p. 195])

Γ =

ˆ
|M|2(2π)4

2mµ

[
dp1

(2π)32E1

dp2

(2π)32E2

dp3

(2π)32E3

]
δ

(
pA −

3∑
i=1

pi

)
δ

(
EA −

3∑
i=1

Ei

)
dp1dp2dp3,

(3.2)

where Ei, i ∈ {1, 2, 3, A} are the (relativistic) energies of the particles (e, νµ, νe and µ), pA is the classical
momentum (three momentum) of the decaying particle and pi, 1 ≤ i ≤ 3 is the classical momentum of
the decay products.

The value of the modulus-squared of the invariant amplitude |M|2 is dependent on the force that mediates
the interaction. In our example, as well as in most particle decays, the weak force is responsible. If we
assume that me = 0.510MeV ≈ 0GeV we get (see [12, p. 305])

|M|2 =

(
gw
mW

)4

m2
µE2(mµ − 2E2). (3.3)
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By inserting equation 3.3 into Fermi's golden rule (equation 3.2) and by selecting as our coordinate
system the rest frame of the muon (i.e. pA = 0) we get

Γ =

ˆ
|M|2

24mµ(2π)5

1

E1E2E3
δ(p1 + p2 + p3)δ(EA − E1 − E2 − E3) dp1dp2dp2.

However, in its present form the integral is not suitable for numerical evaluation (due to the Dirac delta
distributions). Therefore, we need to perform the necessary steps to remove them. By converting the
integral to spherical coordinates we get (see [12, p. 305-306])

Γ =

ˆ 1
2mµ

0

ˆ 1
2mµ

−E2+ 1
2mµ

ˆ π

0

ˆ 2π

0

|M|2

(4π)4mµ
sin θ2 dφ2dθ2dE4dE2. (3.4)

We could perform the integral with respect to θ2 and φ2 quite easily. However, since we are interested in
a numerical solution we stop here. Now, let us compute the integral by the plain Monte Carlo integration
method (as described in section 3.1) as well as by using the VEGAS algorithm (as described in section
3.3). First, let us rewrite the integral in equation 3.4 as

Γ =

ˆ 1
2mµ

0

ˆ 1
2mµ

0

ˆ π

0

ˆ 2π

0

χ[−E2+ 1
2mµ,

1
2mµ](E4) · |M|

2

(4π)4mµ
sin θ2 dφ2dθ2dE4dE2, (3.5)

which is simpler to handle numerically, since the integration boundaries form a 4-dimensional rectangle.
To compare the result of di�erent Monte Carlo integration methods we note that equation 3.4 has a
closed-form solution, computed in [12, p. 307], which is given by

Γ =

(
mµgw
mW

)4
mµ

12(8π)3
≈ 3.04226623514192 · 10−19 GeV.

The implementation (see Listing 5) computes the integral in equation 3.5 by using the following values
of N

1000, 3981, 15848, 63095, 251188, 1000000.

This corresponds to a uniform distribution of points on a (base 10) logarithmic scale. The VEGAS
algorithm uses two iterations of sample size bN10c and one iteration of sample size N . Additionally,
n = 10 (i.e. 10 bins are used per dimension). The result is shown in Figure 3.1.

Figure 3.1: Plot of standard deviation (left) and logarithmic error plot (right) of muon decay.

We are (for obvious reasons) especially interested in the behavior of the algorithm forN = 106. Therefore,
results and standard deviations are listed in Table 3.2, whereas the P matrix (matrix of bin arrangement)
is listed in Figure 3.2.
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Algorithm Γ Standard deviation Relative error
Plain Monte Carlo 0.3047 · 10−18 0.4263 · 10−21 0.001510
VEGAS 0.3041 · 10−18 0.2794 · 10−21 0.0004597

Table 3.2: Output of the algorithm in the case N = 106.

P =


0.17 0.26 0.34 0.42 0.49 0.57 0.65 0.73 0.83 1.00
0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0.17 0.26 0.34 0.42 0.50 0.58 0.66 0.74 0.83 1.00
0.21 0.32 0.41 0.50 0.58 0.67 0.75 0.83 0.92 1.00


Figure 3.2: P matrix (matrix of bin arrangement) in the last iteration (N = 106).

We conclude, that the result is accurate up to three digits (compared to the closed-form solution not
the experimental result) and that the VEGAS algorithm has a standard deviation (as well as a relative
error) that is about half that of the plain Monte Carlo method. Furthermore, the bins are approximately
of equal width, i.e. a more narrow peaked function would probably result in an even lower standard
deviation for the VEGAS algorithm.

For the sake of completeness let us calculate the mean life time that corresponds to Γ

τ =
~
Γ

=
6.582 · 10−25 GeV s

3.042 · 10−19 GeV
= 2.164 ns.

Compared to the experimental value of 2.197 ns this is in excellent agreement considering the fact that
the computation is correct to �rst order in gw only. Higher, order calculations would yield more accurate
results at the price of greatly increased computational cost.

4 Markov chain Monte Carlo methods

4.1 Introduction to continuous-state Markov chains

In this section the most basic de�nitions and some useful theorems about continuous-state Markov
chains are introduced. Many books/papers on this subject, especially in the more applied �elds such as
statistics, introduce discrete-state Markov chains and then use some argument to postulate that similar
considerations also apply in the continuous case (see e.g. [9] or [11]). This argumentation, for numerical
purposes, isn't easily dismissed since it can be argued that no such construct as a continuous state-space
exists on a computer anyway. However, since this is a bachelor thesis in the �eld of mathematics it is
my hope that this introduction at least can serve as a starting point for a reader who wants to study
this subject in more detail. Many de�nitions and theorems in this section are taken from [22] (A similar
discussion that is more centered on the application to Markov chain Monte Carlo methods can be found
in [24]).

At a �rst step let us de�ne absolute continuity of a measure with respect to another measure.

De�nition 4.1. Let (Ω,A) be a measure space and suppose ν, µ are (positive) measures on (Ω,A). We
say ν is absolutely continuous with respect to µ (denoted by ν � µ), if

∀A ∈ A : (µ(A) = 0) =⇒ (ν(A) = 0) .

Additionally, de�ne equivalence of measures by ν ∼ µ :⇐⇒ (ν � µ) ∧ (µ� ν).

Theorem 4.2. Let ∼ be de�ned as above, absolute continuity is a partial order of all measures on (Ω,A).

Proof. Antisymmetry is satis�ed by construction. To proof re�exivity we note that

∀A ∈ A : (µ(A) = 0) =⇒ (µ(A) = 0) ,
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which implies µ� µ as desired. To proof transitivity suppose that ν � µ and µ� η. Then

∀A ∈ A : (η(A) = 0) =⇒ (µ(A) = 0) =⇒ (ν(A) = 0) ,

which implies ν � η, as desired.

Note that for signed measures the de�nition is slightly more complicated (see e.g. [14, p. 122-124]).
However, since we are exclusively interested in probability measures (which are per de�nition positive)
this is no restriction. Next, let us introduce the concept of a Markov chain.

De�nition 4.3. Suppose (Ω,A,K) is a probability space and let (Xi)
∞
i=0 be a sequence of random

vectors. Let P : Ω×A → [0, 1] be a function such that P (x, ·) is a probability distribution for all x ∈ Ω.
If

L(Xn+1|Xn = xn, . . . ,X0 = x0) = L(Xn+1|Xn = xn) = P (xn, ·)

for all n ∈ N≥0, we call (Xi)
∞
i=0 a Markov chain with transition probability P . We set

L(x, A) := P {∃n ∈ N≥1 : Xn ∈ A, X0 = x}

for A ∈ A. Our ultimate goal is to construct a Markov chain that converges towards a speci�c dis-
tribution. If a Markov chain converges at all (under some conditions) its limit is a so-called invariant
measure.

De�nition 4.4. A measure π : A → R is called invariant if

π = πP.

If π is a probability measure we refer to it as a steady-state distribution.

However, to give necessary conditions for convergence towards a unique steady-state distribution we �rst
need to develop the concept of irreducibility.

De�nition 4.5. A transition probability P is called ϕ-irreducible if ϕ is a non-zero measure and

∀x ∈ Ω ∀A ∈ A, ϕ(A) > 0 : L(x, A) > 0.

That the de�nition of irreducibility depends on the measure ϕ is not a desirable attribute. Therefore,
we introduce the concept of a maximal irreducibility measure (with respect to the partial ordering �).
This (unique) maximal irreducibility measure is then used in the following de�nitions and theorems.

Lemma 4.6. Suppose that P is ϕ-irreducible. Then, there exists a unique maximal irreducibility measure
(maximal with respect to the partial ordering �).

Proof. The following proof is based on [23]. We proof the statement by trans�nite induction. Suppose
(µi)

∞
i=1 is a totally ordered subset (chain) of all irreducible measures. Then, we de�ne the upper bound

µ by
∀A ∈ A : µ(A) := sup

i∈N
µi(A).

If µ is a measure, µ(A) = 0 implies µi(A) = 0, ∀i ∈ N. Therefore, µ1 � µ2 � · · · � µ. That is, µ is a
maximal irreducibility measure by Zorn's lemma.

We still have to proof that µ is in fact a measure. First,

µ(∅) = sup
i∈N

µi(∅) = 0.

Second, suppose A ⊂ B where A,B ∈ A, then (since µi(A) ≤ µi(B), ∀i ∈ N)

µ(A) ≤ µ(B).

11



Third, (Aj)
∞
j=1 where Aj ∈ A and Aj ∩Ak = ∅ for j 6= k. Then

µ

 ∞⋃
j=1

Aj

 = sup
i∈N

µi

 ∞⋃
j=1

Aj

 ≤ sup
i∈N

∞∑
j=1

µi(Aj) ≤
∞∑
j=1

sup
i∈N

µi(Aj) =

∞∑
j=1

µ(Aj).

Therefore µ is a measure, as desired.

To show uniqueness we assume that ν and µ are maximal irreducibility measures. Then ν � µ and
µ� ν which implies µ ∼ ν.

In the case of a discrete state-space Markov chain the above discussion can be omitted. It is possible
to de�ne recurrence directly by stating that if the Markov chain is in state i the probability to return
to that same state in �nite time must be 1 (Often, this is expressed by saying that the state i has a
�nite hitting time with probability 1). If this is the case for all states we say that the Markov chain is
recurrent.

However, in the continuous case we need the concept of a maximal irreducibility measure to de�ne Harris
recurrence (which can be seen as the continuous equivalent to recurrence).

De�nition 4.7. A ϕ-irreducible Markov chain (for some ϕ) is called Harris recurrent, if

∀A ∈ A, ψ(A) > 0 : P {Xn ∈ A, in�nitely often |X0 = x} = 1,

where ψ is the unique maximal irreducibility measure.

In many instances, it can easily be shown that a Markov chain is π-irreducible (i.e., irreducible with
respect to the invariant measure). In this case we can formulate an equivalent condition for Harris
recurrent that is commonly used in the literature (e.g. [27, 25]).

Theorem 4.8. A π-irreducible Markov chain is Harris recurrent i�

∀A ∈ A, π(A) > 0 : P {Xn ∈ A, in�nitely often |X0 = x} = 1.

Proof. We prove that if a Markov chain is π-irreducible it holds that ψ ∼ π, where ψ is the maximal
irreducibility measure. Let us assume ψ 6∼ π. Then, there exists A ∈ A such that ψ(A) > 0 but
π(A) = 0. The irreducibility of ψ implies that L(x, A) > 0, ∀x ∈ Ω and therefore that L(π,A) :=
P {∃n ∈ N≥1 : Xn ∈ A, X0 ∼ π} > 0. However, since π(A) = πPn(A), ∀n ∈ N we have L(π,A) = 0
which is a contradiction.

We will need one additional theorem that gives conditions for Harris recurrence that are easily veri�ed
in many applications.

Theorem 4.9. Let (Xi)
∞
i=0 be a π-irreducible Markov chain with transition probability P and assume

P (x, ·)� π for all x ∈ Ω. Then (Xi)
∞
i=0 is a Harris recurrent Markov chain.

Proof. See e.g. [27, p. 1712-1713].

The next de�nition is a strengthening of Harris recurrence which clearly is a necessary condition if our
Markov chain converges to a probability distribution. If the condition π(Ω) <∞ is not met, there is no
way to normalize the invariant measure to a probability distribution.

De�nition 4.10. An irreducible Markov chain is called positive Harris recurrent, if it is Harris
recurrent and there exists an invariant measure π such that

π(Ω) <∞.

The next condition is the obvious extension from the discrete case. To ensure convergence it is necessary
to exclude Markov chains with periodic states (i.e. a Markov chain where if we start from a state in A
we can only return to the same state after k steps where k > 1).
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De�nition 4.11. The period of an irreducible Markov chain with transition probability P is the largest
d ∈ N such that there exist disjoint sets X0, . . . ,Xd−1 ∈ A, ψ(Xi) > 0 for which

∀x ∈ Xi ∀i ∈ {0, . . . , d− 1} : P (x,Xi+1 (mod d)) = 1,

where ψ is the maximal irreducibility measure. If d = 1 the Markov chain is called aperiodic.

Theorem 4.12. An irreducible Markov chain is aperiodic if

∀A ∈ A∀x ∈ Ω∀n ∈ N : ψ(A) > 0 =⇒ P {Xn ∈ A |X0 = x} > 0,

where ψ is the maximal irreducibility measure.

Proof. Assume d > 1 and X1, . . . ,Xd−1 as in De�nition 4.11. Then for x ∈ X1 we have P (x,X2) ≤
1− P {X1 ∈ X1 |X0 = x} < 1 which is a contradiction.

Now, we are �nally in the position to state the theorem about the convergence of Markov chains that
we need to develop the Metropolis-Hastings algorithm in the next section. Note, that the requirements
are exactly those we developed in this section, namely positive Harris recurrence and aperiodicity. Since
these conditions imply the convergence to a unique steady-state distribution, we refer to it as an ergodic
Markov chain (or Harris ergodic if we want to emphasize the continuous state-space).

Theorem 4.13. Let (Xi)
∞
i=0 be an aperiodic and positive Harris recurrent Markov chain (also called a

(Harris) ergodic Markov chain) and suppose λ, µ are probability distributions. Then

lim
n→∞

‖λPn − µPn‖ = 0.

Proof. See [22, p. 112-113].

Corollary 4.14. Let (Xi)
∞
i=0 be a (Harris) ergodic Markov chain. Then for any initial distribution λ

and a steady-state distribution π it holds that

λPn
D−→ π, as n→∞

where π is unique.

Proof. Choose π as an initial distribution. Then from Theorem 4.13 we have

0 = lim
n→∞

‖λPn − πPn‖ = lim
n→∞

‖λPn − π‖,

as desired. To prove uniqueness suppose π and % are steady-state distributions of our Markov chain.
Then by Theorem 4.13

0 = lim
n→∞

‖πPn − %Pn‖ = lim
n→∞

‖π − ρ‖ = ‖π − %‖,

as desired.

From a mathematical standpoint it is quite noteworthy that the reverse of this result also holds. However,
since this is of no relevance to the development in the next section the interested reader is referred to
[22, p. 114].

What is still missing from our picture are su�cient conditions for a Markov chain to have a speci�c
steady-state distribution π. The next theorem states the condition of detailed balance which is used in
the Metropolis-Hastings algorithm (to be developed in the next section).

Theorem 4.15. Let (Xi)
∞
i=0 be a Markov chain with transition probability P and suppose ψ(x, ·) is

the probability density function of P (x, ·). If χ is a probability density function and

∀x,y ∈ Ω : ψ(x,y)χ(x) = ψ(y,x)χ(y),

then χ is the pdf of a steady-state distribution (This condition is referred to as detailed balance).
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Proof. ˆ
Ω

ψ(x,y)χ(x) dx = χ(y)

ˆ
Ω

ψ(y,x) dx

= χ(y),

as desired, since if π is the probability distribution attached to the pdf χ our result implies πP = π.

4.2 The Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm is an application of the principles developed in the previous sec-
tion; i.e., a Markov chain is constructed that has a speci�c probability distribution as its steady-state
distribution. This section is mainly based on [15] and [9].

Algorithm 4.16. (Metropolis-Hastings). Let (Xi)
∞
i=0 be a Markov chain with transition probability

Q and suppose f is a pdf. Let ψ(x, ·) be the probability density function of Q(x, ·). Choose an initial
value y0 and proceed as follows

1. Generate a proposal value x′ from the probability distribution Q(yi−1, ·).

2. Calculate r := min
{

1,
ψ(x′,yi−1)f(x′)

ψ(yi−1,x
′)f(yi−1)

}
,

3. Set

yi :=

{
x′ with probability r

yi−1 with probability 1− r ,

Then the probability distribution attached to f is a steady-state distribution of (Y i)
∞
i=0.

Proof. The pdf attached to Q is given by

p(x,y) = r(x,y)ψ(x,y) +

(
1−
ˆ

Ω

r(x,y)ψ(x,y) dy

)
δ(y − x).

To verify that f is a steady-state distribution we con�rm the detailed balance condition. First,

r(x,y)ψ(x,y)f(x) = min

{
1,
ψ(y,x)f(y)

ψ(x,y)f(x)

}
ψ(x,y)f(x)

= min {ψ(x,y)f(x), ψ(y,x)f(y)}
= min {ψ(y,x)f(y), ψ(x,y)f(x)}

= min

{
1,
ψ(x,y)f(x)

ψ(y,x)f(y)

}
ψ(y,x)f(y)

= r(y,x)ψ(y,x)f(y).

Second, (
1−
ˆ

Ω

r(x, z)ψ(x, z) dz

)
δ(y − x)f(x) =

(
1−
ˆ

Ω

r(y, z)ψ(y, z) dx

)
δ(x− y)f(y),

since by the de�nition of a (mathematical) distribution (if Φ ∈ C∞0 is a test function with compact
support) we have ˆ

Ω

ˆ
Ω

(
1−
ˆ

Ω

r(x, z)ψ(x, z) dz

)
δ(y − x)f(x)Φ(x,y) dxdy

=

ˆ
Ω

(
1−
ˆ

Ω

r(y, z)ψ(y, z) dz

)
f(y)Φ(y,y) dy

=

ˆ
Ω

(
1−
ˆ

Ω

r(x, z)ψ(x, z) dz

)
f(x)Φ(x,x) dx

=

ˆ
Ω

(
1−
ˆ

Ω

r(y, z)ψ(y, z) dx

)
δ(x− y)f(y)Φ(x,y) dxdy,
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as desired.

It should be noted that in order to compute r we only need to know the ratio f(x′)/f(x). Therefore,
it is su�cient to know a function g(x) that satis�es g(x) = Cf(x). That is, we don't need to compute
the normalization constant of a probability density function to sample from it. This fact is employed in
most applications of the Metropolis-Hastings algorithm (see Example 4.21 or 4.22).

In the Metropolis-Hastings algorithm we left the transition probability (up to the requirement that the
Markov Chain is (Harris) ergodic) completely undetermined. Theoretically every transition probability
that satis�es this requirement would su�ce. However, in application the following two methods (due to
Metropolis and Hastings respectively) are the most common. It is clear that those two algorithms are a
special case of the more general Metropolis-Hastings algorithm.

First, let us discuss the Metropolis algorithm. In this case we impose a symmetry condition on ψ.
That is

∀x,x′ ∈ Ω : ψ(x,x′) = ψ(x′,x).

Then

r(x,x′) = min

{
1,
f(x′)

f(x)

}
.

Often, a symmetric random walk is used, i.e.

ψ(x,x′) = pD(x− x′),

where D ∼ N (0,Σ) and Σ is a diagonal matrix with diagΣ = (σ1, . . . , σd) (we consider an uncorrelated
multivariate normal distribution). In addition, pD denotes the pdf of the random variable D.

The parameters σi need to be determined. If we choose σi too large we have a very low acceptance rate.
On the other hand, if σ is too small we have a very high acceptance rate. It has been shown in [10] that
for a symmetric random walk the optimal acceptance rate in the asymptotic case (i.e. d→∞) is 0.234.
However, from the examples in this bachelor thesis we infer that an acceptance rate between 0.2 and 0.8
leads to acceptable results.

In some implementations the algorithm uses the so called burn-in phase to adjust this parameter. A
burn-in phase, a number of steps in which we generate new values from the Markov chain but do not
sample from it, is necessary since the Markov chain converges to the desired distribution. Thus, some
time is needed (from an arbitrary starting point) until the Markov chain approximates the steady-state
distribution to some accuracy.

Second, let us discuss the Hastings algorithm, which lifts the restriction of symmetry and imposes
instead

ψ(x,x′) = ψ(x′).

Then

r(x,x′) = min

{
1,
ψ(x)f(x′)

ψ(x′)f(x)

}
.

This method is also referred to as independence sampling, since the proposal value is generated
independently of yn−1. However, it should be emphasized that both algorithms produce a Markov chain
with dependent samples. If it is desirable to sample independently from the probability distribution of
f we sample only the values yi,yi+K ,yi+2K , . . . . If K ∈ N is chosen large enough the sample is (to an
excellent approximation) independent.

In the examples that follow we will exclusively use the Metropolis algorithm as described above. An
implementation of the Metropolis algorithm can be found in Listing 4. Therefore, all that remains is to
proof convergence of the Metropolis algorithm.

Theorem 4.17. The Metropolis algorithm (as described above) converges (in distribution) to the prob-
ability distribution attached to f if f(x) > 0 for every x ∈ Ω ⊂ Rn.
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Proof. Since , f(x) > 0 for all x ∈ Ω(
π(A) :=

ˆ
A

f(x) dx = 0

)
⇐⇒ (µ(A) = 0) ,

where µ denotes the Lebesgue measure. Then

r(x,x′) = min

{
1,
f(x′)

f(x)

}
> 0,

since f(x) > 0 for all x ∈ Ω and therefore

∀x ∈ Ω, ∀A ∈ A, µ(A) > 0 : P (x, A) =

ˆ
A

p(x,y) dy ≥
ˆ
A

r(x,y)ψ(x,y) dy > 0,

since by assumption ψ(x,y) > 0. This implies the π-irreducibility of (Y i)
∞
i=0 . Next,

∀x ∈ Ω : (µ(A) = 0) =⇒
(ˆ

A

pD(x− x′) dx′
)

= 0,

where pD(x− x′) is the pdf of a multivariate normal distribution with mean 0 and VC matrix Σ. This
implies P (x, ·) � π. Thus by Theorem 4.9 (Y i)

∞
i=0 is Harris recurrent. Now, since f is a probability

density function π(Ω) = 1 <∞; therefore, (Y i)
∞
i=0 is positive Harris recurrent.

Since
∀x ∈ Ω, ∀A ∈ A, µ(A) > 0 : P{Xn ∈ A |Xn−1 = x} > 0,

aperiodicity follows. Therefore (Y i)
∞
i=0 is (Harris) ergodic and converges in distribution to π (by Theorem

4.13).

4.3 Applications

An important problem in Bayesian statistics is to compute a posterior distribution by using Bayes'
theorem. More formally (see e.g. [16, p. 31])

Theorem 4.18. (Bayes' theorem). Let X be a random vector with probability density pX : Ω → R
(the prior) and suppose Y is a random vector. Let us denote by pY (y|X = x) the probability density of
a speci�c realization y of the random vector Y under the condition that pX(ξ) = δ(x−ξ) (pY (y|X = x)
is also referred to as the likelihood function) . Then

pX(x|Y = y) =
pY (y|X = x)pX(x)´

Ω
pY (y|X = x)pX(x) dx

, (4.1)

where pX(x|Y = y) is called the posterior distribution.

Note that Bayesian statistics has a di�erent interpretation of probability than classical statistics. Often,
X will be a vector of parameters that have a �xed (but unknown) value. In Bayesian statistics we assign
a probability distribution to the parameters as a measure of how certain we are that the parameters
have a speci�c value. This is clearly forbidden in classical statistics where one can, at most, construct
con�dence intervals of parameter values. However, it is important to note that even in Bayesian statistics
we don't imply that X is fundamentally random, instead it is implied that we can not be sure about the
true value of the parameters.

The dimensionality of the integral in equation 4.1 is equal to the number of parameters in our random
vector X. However, by using the Metropolis algorithm we can sample from the posterior distribution
without carrying out the integration. Once, we have created a large enough sample from the posterior
distribution we can estimate it (e.g. by means of histograms) or compute its mean, standard deviation,
. . . .

To exemplify this we introduce the autoregressive model of order 2 (which is, e.g., used in the �eld of
economics, see [8, p. 270-273]).

16



De�nition 4.19. Let (Yi)
n
i=1 be a time series (or in mathematical terms a �nite sequence of random

variables). The autoregressive model is given by

Yi = Ai(x) := β0 + β1yi−1 + β2yi−2 + Ei,

where Ei ∼ N (0, σ) i.i.d. and Ai(x) = Ai([σ, β0, β1, β2]T ).

That is, we assume that our time series can be modeled as a linear recurrence relation of order 2 with
the addition of a normally distributed error term. The model has four parameters (σ, β0, β1, β2), which
we regard as the components of the random vector X.

Since, on many occasions, there is no prior information available (and in particular this will be the
assumption we make in the two examples that follow), we choose a uniform distribution as the prior.
This uniform distribution, in turn, can be neglected, since we only need to know the probability density
function up to a normalization constant.

Therefore, the important ingredient is the likelihood function which is given by

pY
(
y|X = [σ, β0, β1, β2]T

)
=

n∏
i=3

pN (0,σ) (β0 + β1yi−1 + β2yi−2 − yi) , (4.2)

where y is the realization of our time series and pN (0,σ) is the pdf of a normally distributed random
variable with mean 0 and standard deviation σ. To implement the Metropolis algorithm we need to
compute

r =
pY

(
y|X = [σ(1), β

(1)
0 , β

(1)
1 , β

(1)
2 ]T

)
pY

(
y|X = [σ(2), β

(2)
0 , β

(2)
1 , β

(2)
2 ]T

) .
However, numerically the product in equation 4.2 can become very small or even zero (to the accuracy
of the �oating point computations) if n is large. To circumvent this problem (which leads to undesirable
results in the numerical computation, e.g. min(1, 0/0) = 1) we compute the product term by term, i.e.

r =

n∏
i=3

pN (0,σ(1))

(
β

(1)
0 + β

(1)
1 yi−1 + β

(1)
2 yi−2 − yi

)
pN (0,σ(2))

(
β

(2)
0 + β

(2)
1 yi−1 + β

(2)
2 yi−2 − yi

) .
Now we are in a position to sample from the probability distributions of σ, β0, β1, β2. However, our
goal is to estimate future values in the time series (i.e. to estimate yn+1 or values thereafter). Thus, we
integrate over all possible values of x = [σ, β0, β1, β2]T weighted by the posterior probability. Therefore,

yn+1 =

ˆ
Ω

An(x) · pX(x|Y = y) dx. (4.3)

However, we only have a sample of the distribution attached to the pdf pX(x|Y = y). Therefore, we
estimate equation 4.3 by

yn+1 ≈
N∑
i=1

A(xi),

where xi, 1 ≤ i ≤ N are the values sampled by means of the Metropolis algorithm. Now, let us turn our
attention to two examples that use the autoregressive model of order 2 as described above.

Example 4.20. This example is rather arti�cial in that we create a time series (with n = 100) that
exactly satis�es our model.

yi =


0 i = 1

1 i = 2

0.2 + 1.1yi−1 − 0.1yi−2 + εi 3 ≤ i ≤ 100 ,
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Figure 4.1: Histogram estimation of the parameters.

where εi is a realization of the random variable Ei ∼ N (0, 0.03). Let us choose a sample size ofN = 5·105.
The implementation of this procedure can be found in Listing 6.

Figure 4.1 gives an estimation of the distribution of the parameters by means of a histogram. The
estimate of mean and standard deviation as well as an estimate of y101 can be found in Table 4.1.

This demonstrates the plausibility of our approach. We recovered all parameters to some accuracy and
y101 ≈ 23.5671 is well within the theoretical value of

y101 = β0 + β1y100 + β2y99 + E101

= 0.2 + 1.1 · y100 − 0.1y99 + E101

= 23.5718 + E101.

This concludes our (rather arti�cial) example.

Example 4.21. The analysis done in Example 4.20 can be extended to time series which only approxi-
mately satisfy our model assumptions. If we, for example, take the quarterly GDP of the United States
in the period between Q1 2004 and Q2 2009 (measured in a system of units where one unit of money is
equal to 1013$). The next value is given by

y2009Q3 = 1.43015 · 1013.

All data have been retrieved from [3]. In this instance it is not clear if the time series can be written as
an autoregressive model of order 2. However, we will, in what follows, apply the same analysis as in the
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Parameter Mean/Value Standard deviation
σ 0.0352 0.002668
β0 0.2133 0.01525
β1 1.103 0.0475
β2 −0.1038 0.04732
y101 23.5671 0.0352

Table 4.1: Parameters and projection of y101.

case of the autoregressive model in the hope that the standard deviation is small enough for the model
to be useful (Of course, this formally would invalidate extrapolation but since we are only interested in
the next value it is plausible to still get a good approximation).

The implementation of this example can be found in Listing 6 (where once again N = 5 ·105). The result
is given in Figure 4.2 and Table 4.2.

Figure 4.2: Histogram estimation of the parameters.

Comparing this to the experimental value we �nd an absolute error of approximately 0.015. This (at
least) is of the same order of magnitude as the mean of the standard deviation. Depending on the
application this might well be an intolerable large error; however, it should be noted that the model used
is only of order 2. A model of higher order, say order 10, could be better suited to tackle this problem as
could be other models (e.g. moving averages, a combination of moving averages and the autoregressive
model, see e.g. [8, Chap. 13]). In conclusion, the Metropolis algorithm can be a viable tool in virtually
any application of model �tting that employs Bayes' theorem.
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Parameter Mean/Value Standard deviation
σ 0.8920 · 10−2 0.1725 · 10−2

β0 0.07258 0.03796
β1 1.4846 0.2317
β2 −0.5350 0.2158

y2009Q3 1.41496 0.8920 · 10−2

Table 4.2: Parameters and projection of y2009Q3.

Example 4.22. (Variational quantum mechanics of the helium atom).

In the �eld of quantum mechanics (and/or chemistry) an important task is to compute the ground state
energy of an atom (i.e. the energy of the state that binds the electrons most tightly). In the case of
the hydrogen atom the problem has a closed-form solution and the well-known ground state energy is
−13.6 eV. However, no closed-form solution is known for the helium atom [13, 262] (The same is obviously
true for most atoms with more than a single electron). Traditional numerical methods to solve partial
di�erential equations might not be applicable either, since, for instance, the iron atom has 26 electrons
which would require us to solve a partial di�erential equation in 3 · 26 = 78 dimensions (This is, if at all
feasible, certainly computationally extremely expensive).

However, it is possible to compute an excellent approximation to the ground state energy, by means of
a method called variational quantum mechanics (or in our case the variational quantum Monte Carlo
method), without solving the Schrödinger equation. We will demonstrate this method for the, in com-
parison, simple case of the helium atom. This treatment is based on the variational method as described
in [7, Chap. 16].

As explained in more detail in Example 3.6 we use natural units for the remainder of this example. In
what follows, we need the numerical values of the physical constants listed in Table 4.3 (all digits shown
are experimentally signi�cant).

Description Symbol Value
Mass of the electron m 0.511MeV
�ne structure constant (electromagnetic coupling constant) α 1

137
Bohr radius a0

1
mα

Experimental value of the ground state energy of helium E0 −78.98 eV

Table 4.3: Physical constants (taken from [4]).

The helium atom consist of two protons and two electrons and is, to an excellent approximation, described
by the following Schrödinger equation

i
∂ψ

∂t
=
−1

2m
(∆r(1) + ∆r(2))ψ −

(
2α

‖r(1)‖
+

2α

‖r(2)‖
− α

‖r(2) − r(1)‖

)
ψ =: Hψ,

where H is the Hamiltonian operator, ψ(r(1), r(2), t) is the wavefunction and r(1), r(2) represent the
�position� of the �rst and second electron respectively.

Now, suppose ψG(r) := ψG(r(1), r(2)) is the wavefunction of the ground state and let ψT (r) be any
(physical) wavefunction. Then

E0 =

´
R6 ψ

∗
G(r)HψG(r) dr´

R6 ψ∗G(r)ψG(r) dr
≤
´
R6 ψ

∗
T (r)HψT (r) dr´

R6 ψ∗T (r)ψT (r) dr
=: ET . (4.4)

That is, ET provides an upper bound of the ground states energy E0. The idea is to choose ψT in such
a way that we don't merely get an upper bound but an estimate of E0. For our purpose the following
wavefunction will proof su�cient (Note, however, that, in general, to determine a suitable wavefunction
is no easy task. see e.g. [28] for a treatment of the commonly used Jastrow-Slater wavefunction)

ψT (r(1), r(2)) = e−Z
‖r(1)‖+‖r(2)‖

a0 ,
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where by physical reasoning we conclude that Z ∈ [1, 2] (physically Z is a measure of the charge the
second electron sees, i.e. how good the �rst electron is able to shield the charge of the nucleus). To
render equation 4.4 into a form suitable for applying importance sampling we rewrite it as

ET =

ˆ
R6

ψ∗T (r)ψT (r)´
ψ∗T (r)ψT (r) dr︸ ︷︷ ︸

p(r)

HψT (r)

ψT (r)

︸ ︷︷ ︸
f(r)

dr.

Obviously p is a probability density function and we can use importance sampling to estimate the
integral. To avoid computing the normalizing integral we use the Metropolis algorithm. Therefore, our
approximation ET is given by (see equation 3.1)

ET ≈
1

N

N∑
i=1

f(ri)

p(ri)
=

1

N

N∑
i=1

HψT (ri)

ψT (ri)
,

where ri are realizations of the probability distribution attached to the pdf p. Our goal is now to compute
Z such that ET is minimized.

Since, we are going to estimate the minimum of Z numerically (and don't want to require the knowledge
of speci�c optimization algorithms) we evaluate it at 20 uniformly spaced points in the interval [1, 2].
At every point 5 · 104 function evaluations are performed (i.e. N = 5 · 104). The implementation can be
found in Listing 7 whereas Figure 4.3 plots the result.

Figure 4.3: Energy levels of the helium atom for Z ∈ [1, 2].

Then Z ≈ 1.7368 is the value of Z where ET is minimal (among those computed). The implementation
automatically selects this values and computes the integral at this value with N = 2 · 106 (i.e., we use
a larger sample to compute the value once we have determined the minimum with a number of smaller
samples). The result of this computation can be found in Table 4.4.
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ET Standard deviation
−77.4084 0.05534

Table 4.4: Approximation to the ground state energy of helium.

We can compare this to the experimental value of −78.98 eV which is o� by about 1.6 eV. More exact
values can be obtained if we use more complicated wavefunction in place of ψT which is also allowed to
have more parameters. In this case, however, the use of a minimization algorithm is a necessity.

5 Numerical implementation

5.1 Optimization

In the previous sections we have implemented the Monte Carlo algorithms in matlab, disregarding exe-
cution speed for the most part. This, is not always a true limitation since, e.g., the accuracy of Example
4.22 is limited to a greater extend by the approximation made beforehand. Therefore, it is futile to
compute the integral to ten signi�cant digits if our approximation is only good to two digits. However,
on many occasions a numerical result signi�cant to a large number of digits is necessary and therefore a
much larger number of function evaluations has to be performed.

In this section, we will use the C/C++ programming language. However, since this is a bachelor thesis
on the topic of Monte Carlo methods we will not discuss any of the common optimization techniques
employed in numerical intensive applications. Instead we will focus our development on the fact that
the plain Monte Carlo method (and most other Monte Carlo methods) are especially well suited for
parallelization; i.e., we can split the numerical intensive part (i.e. evaluating the function to be integrated)
to di�erent processing units. Most modern desktop processors (as of 2009) have between two and eight
processing units (in this context usually called cores). However, there is a component found in most
desktop computers even better suited for massively parallel numerical intensive applications, the GPU
(or graphics processing unit). More recent GPUs are fully programmable (a technology called GPGPU
or general-purpose computing on graphics processing units) and even includes double precision �oating
point support. For the purpose of this bachelor thesis however we will use the hardware listed in Table
5.1 (which includes 128 so called stream processors).

Component Manufacturer Model
CPU Intel i7 920 (2.66 GHz, 4 cores)
GPU Gainward/Nvidia GeForce 9800 GTX+, 512MB (128 stream processors)
RAM Crucial 4GB DDR3-1066

Table 5.1: Hardware speci�cations.

Since, this particular graphic card does support single precision �oating point operations only, we will
stick to those for the remainder of the discussion. Furthermore, all time measurements in this bachelor
thesis are performed using this hardware speci�cations. To access the GPU a programming platform
called CUDA (Compute Uni�ed Device Architecture, for an introduction see [2]) is used. The CPU
version is written in C/C++ and compiled using the freely available compiler from Microsoft (see [1]).
The CPU implementation does not include multi-core support, i.e. it's performance could be improved by
up to four times (this is a theoretical estimate that is unlikely to be achieved in a given implementation).
The implementations can be found in Listings 8 and 9 respectively. The performance of these two
implementations, is compared in Table 5.2 (for the muon decay process already discussed in Example
3.6).
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Platform N. of function evaluations Execution time Compiler options Relative error
CPU 109 60 sec /Ox 0.17 · 10−4

GPU 109 0.7 sec �use_fast_math -O3 0.76 · 10−5

GPU 100 · 109 59 sec �use_fast_math -O3 0.30 · 10−6

Table 5.2: Performance comparison.

Therefore, we conclude that on the GPU the algorithm is about 102 times faster than the same algorithm
implemented on the CPU. It should also be noted that a relative error of 0.30 · 10−7 corresponds to a
an absolute error of 0.000001 · 10−19 (shown to the maximum precision of single precision �oating point
numbers). That is, the approximation is only di�erent from the real value by ±1 in the last (decimal)
digit of the (single precision) �oating point number.

5.2 Tree summation

Since the accuracy of the computation done in the previous section is close to the limit of single precision
�oating point numbers, we have to avoid round-o� errors when summing up 1.6 · 109 values. It is well
known (see e.g. [19]) that simple summation in a single loop potentially introduces large round-o� errors.
Therefore, we use a so called summation tree. The idea is to compute partial sums

S1;k :=

kn+n∑
i=kn+1

f(xi), 0 ≤ k ≤ N

n
− 1

where n is small compared to N = nm (for Example n = 10 as in Listings 8 and 9). Then, summing up
these partials sums we get a new set of partial sums. Continuing until only one partial sum is left we
have

Sj;k :=

kn+n∑
i=kn+1

Sj−1;i, 0 ≤ k ≤ N

nj
− 1, 1 ≤ j ≤ m

where
N∑
i=1

f(xi) = Sm;0.

However, computing Sm;0 results in signi�cantly lower round-o� errors. Therefore, this algorithm is used
in the CPU as well as the GPU implementation (see Listings 8 and 9). Obviously, we can let n depend
on j and k as well. For our purpose this is not strictly necessary and would complicate the treatment of
the topic here as well as the implementation. We refer the interested reader to [19].

5.3 Random number generators

If we consider performance of an Monte Carlo algorithm it is valid to ask if there is a random number
generator that, while still generating good random numbers, is fast in execution. For the purpose of this
bachelor thesis two di�erent random number generators, namely LCG (linear congruential generator)
and the Xor-shift algorithm were implemented. Both of these algorithms are discussed in detail in [29].
We discovered that the LCG generator is only usable if no more than 4 signi�cant digits are required. No
such limitations have been observed for the Xor-shift algorithm (in the case of single precision �oating
point numbers). Therefore, the Xor-shift algorithm is used in all implementations.

Furthermore, the GPU implementation needs a large number of random number generators (basically
one for every concurrently running thread). Therefore, we use the rand function from standard C/C++
to seed the Xor-shift generators used on the graphic card.
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6 Summary

In summary, we developed Monte Carlo integration along two lines. First, we focused on computing an
integral by means of the VEGAS algorithm and, secondly, we avoided computing the integral altogether
by using the Metropolis-Hastings algorithm. By illustrating this methods on three simple, yet real world
examples, it is our hope to have demonstrated that the algorithms developed here have a number of
practical applications.

Obviously, this bachelor thesis by no means gives an exhaustive list of Monte Carlo methods. Instead, it
focuses on developing two algorithms that are of vital importance to many applications. The interested
reader is referred to [30, 6] (to learn additional variance reduction techniques). Someone more interested
in the statistical applications of the Metropolis-Hastings algorithm is referred to [9] which develops and
applies the Metropolis-Hastings algorithm to extreme value statistics. Many additional topics can be
found in [24]. Although not technically Monte Carlo methods Quasi-Monte Carlo methods share many
properties with Monte Carlo methods and are discussed, e.g., in [6].
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A Source code of algorithms and methods

Listing 1: Helper function: randuniform

function x = randuniform(N,V)

% Samples uniformly from a rectangular region

% Input: N, number of values to sample

% V, 2xd matrix with the boundaries of the rectangle

% Output: x, dxN matrix of sampled values

x = rand(size(V,2),N);

for k=1: size(V,2)

x(k,:) = V(1,k) + (V(2,k)-V(1,k))*x(k,:);

end

end

Listing 2: Plain Monte Carlo method

function [I,stddev] = plainmc(N, f, V)

% Implements the Plain Monte Carlo method

% Input: N, number of function evaluations

% f, function

% V, 2xd matrix of integration boundaries

% Output: I, approximate value of the integral

% stddev , approximation of the standard deviation of I

x = randuniform(N, V);

I = 0;

stddev = 0;

vol = volume(V);

for k=1:N

y = feval(f,x(:,k));

I = I + y;

stddev = stddev + y^2;

end

stddev = sqrt(vol ^2/N*( stddev /(N-1) - N/(N-1)*(I/N)^2));

I = vol*I/N;

end

Listing 3: VEGAS algorithm

function [I, stddev_bar] = vegas(N, f, V,n)

% Implements the VEGAS algorithm

% Input: N, number of function evaluations

% f, function

% V, 2xd matrix of the integration boundary

% n, number of bins

% Output: I, approximate value of the integral

% stddev , approximation of the standard deviation of I

% Setup

d = length(V);

m = length(N);

P = zeros(d,n);

vol = volume(V);

for i=1:d

for j=1:n

P(i,j) = j/n;
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end

end

% Main loop

for a=1:m

[x, volx] = sample(P,V,N(a));

S(a) = 0;

var(a) = 0;

Sabs = 0;

% Perform estimation of the integral

for k=1:N(a)

y = feval(f,x(:,k));

S(a) = S(a) + y*volx(k)*n^d;

Sabs = Sabs + abs(y);

var(a) = var(a) + (y*volx(k)*n^d)^2;

end

S(a) = 1/N(a) * S(a);

var(a) = 1/N(a)*(1/((N(a)-1)) * var(a) ...

- N(a)/(N(a)-1)*(S(a))^2);

% If not last iteration rearrange the bins

if a ~= m

P = rearrangebins(x,P,Sabs ,n,d,f);

end

end

var_bar = 1/sum (1./ var);

stddev_bar = sqrt(var_bar );

I = var_bar*sum(S./var);

end

function P = rearrangebins(x,P,Sabs ,n,d,f)

% Rerranges the bins in the VEGAS algorithm

% Input: x, matrix of sampled points

% P, current bin matrix

% Sabs , sum over f(x_i)

% n, number of bins

% d, number of dimensions

% f, function

% Output: P, new bin matrix

Sb = Sabs/n;

for i=1:d

c = 1;

Sc = 0;

% Sorts x by column

x = sortrows(x',i)';

for k=1: length(x)

Sc = Sc + abs(feval(f,x(:,k)));

if Sc >= c*Sb

P(i,c) = k/length(x);

c = c + 1;

if c == n

break;

end
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end

end

end

end

function [x, vol] = sample(P, V, n)

% Samples according to the distribution specified by the bins

% Input: P, matrix of bins

% V, 2xd matrix of the boundaries of integration

% n, number of bins

% Output: x, matrix with sampled values

% vol , vector with the volume of the bin a given sampled

% vector falls into

x = zeros(size(V,2),n);

for i=1:n

j = randint(1,size(P,1),[1, size(P ,2)]);

Vnew = zeros(size(V));

for k=1: size(V,2)

if j(k)-1 == 0

Vnew(1,k) = V(1,k);

Vnew(2,k) = V(1,k) + (V(2,k)-V(1,k))*P(k,j(k));

else

Vnew(1,k) = V(1,k) + (V(2,k)-V(1,k))*P(k,j(k)-1);

Vnew(2,k) = V(1,k) + (V(2,k)-V(1,k))*P(k,j(k));

end

end

x(:,i) = randuniform (1,Vnew);

vol(i) = volume(Vnew);

end

end

Listing 4: Metropolis algorithm

function x = metropolis(N, g, sigma , burn_in_n , step_size , d)

% Implements the Metropolis algorithm

% Input: N, number of sampled values

% g, function that computes f(x1)/f(x2)

% sigma , step size (vector or scalar)

% burn_in_n , number of steps discarded before sampling starts

% step_size , skipped number of steps between samples

% d, number of dimensions

% Output: x, dxN matrix of sampled values

x = zeros(d,N);

s = 0;

% Burn -in period

for k=1: burn_in_n

y = x(:,1) + sigma.* randn(d,1);

r = min(1, feval(g, y, x(: ,1)));

a = rand ();

if a <= r

x(:,1) = y;

end

end

% Sampling period
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for k=2:N

x(:,k) = x(:,k-1);

for j=1: step_size

y = x(:,k) + sigma.* randn(d,1);

r = min(1, feval(g,y, x(:,k)));

a = rand ();

if a <= r

x(:,k) = y;

s = s+1;

end

end

end

% Outputs the acceptance rate

s/((N-1)* step_size)

end

B Source code of examples

Listing 5: Muon decay

function [I,stddev] = muondecay ()

% computes the decay rate (GAMMA) by means of plain Monte Carlo

% integration and the VEGAS algorithm for different values of N.

% A plot of values and standard deviations as well as an error

% plot is created.

g = 0.66;

M_w = 80.4;

m_mu = 0.105;

% initializes a constant seed to get reproducable results

RandStream.setDefaultStream(RandStream('mt19937ar ','Seed' ,0));

V = [0 ,0 ,0 ,0;1/2*m_mu ,2*pi,pi ,1/2* m_mu];

%the actual computation

x = floor(logspace (3 ,6,6));

for k=1: length(x)

[I1(k), stddev1(k)] = plainmc(x(k), @f, V);

K = floor(x(k)/10);

[I2(k), stddev2(k)] = vegas ([K;K;x(k)], @f , V, 10);

end

tic;

%plainmc (2*10^6 , @f, V);

toc

% saves the output values

I(1) = I1(end);

I(2) = I2(end);

stddev (1) = stddev1(end);

stddev (2) = stddev2(end);
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% create a plot of values and standard deviations

figure('Name', 'Stddev plot', 'NumberTitle ', 'off');

sol = 3.04226623514192*10^ -19;

a = 0.77*x(1);

b = 1.23*x(end);

errorbar(x, I1, stddev1 , '-o','Color', [0 0 0.8], ...

'LineWidth ', 1, 'MarkerEdgeColor ' ,[0 0 0.8], ...

'MarkerFaceColor ', [1 1 1], 'MarkerSize ', 5);

errorbarlogx (0.01);

hold on;

errorbar(x, I2, stddev2 , '-s','Color', [0.8 0 0], ...

'LineWidth ', 1, 'MarkerEdgeColor ' ,[0.8 0 0], ...

'MarkerFaceColor ', [1 1 1], 'MarkerSize ', 5);

errorbarlogx (0.01);

plot([a,x,b], sol + zeros(length(x)+2) ,'-.', ...

'Color', [0 0.7 0], 'LineWidth ', 1);

legend('Plain Monte Carlo ','VEGAS','Exact solution ', ...

'Location ', 'NorthEast ');

ylabel('\Gamma', 'FontSize ', 15);

xlabel('N (number of function evaluations)', 'FontSize ', 15);

set(gca , 'FontSize ', 15);

fh = figure (1);

set(fh , 'color ', 'white ');

set(gca , 'Box', 'off');

axis([a, b, 2.8*10^ -19 , 3.5*10^ -19])

set(gca , 'TickDir ', 'out');

print -dpng -r200 muondecay1

% create an error plot

figure('Name', 'Error plot', 'NumberTitle ', 'off');

loglog(x, abs(I1 -sol)./sol , '-o','Color ', [0 0 0.8], ...

'LineWidth ', 1, 'MarkerEdgeColor ' ,[0 0 0.8], ...

'MarkerFaceColor ', [1 1 1], 'MarkerSize ', 5);

hold on;

loglog(x, abs(I2 -sol)./sol , '-s','Color ', [0.8 0 0], ...

'LineWidth ', 1, 'MarkerEdgeColor ' ,[0.8 0 0], ...

'MarkerFaceColor ', [1 1 1], 'MarkerSize ', 5);

legend('Plain Monte Carlo ','VEGAS','Location ','NorthEast ');

ylabel('Relative error ', 'FontSize ', 15);

xlabel('N (number of function evaluations)', 'FontSize ', 15);

set(gca , 'FontSize ', 15);

fh = figure (2);

set(fh , 'color ', 'white ');

set(gca , 'Box', 'off');

set(gca , 'TickDir ', 'out');

print -dpng -r200 muondecay2

function Gamma = f(p)
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% computes the value of the integrant at the point

% p=(E2,E4,theta2 ,phi2)^T

E2 = p(1);

E4 = p(4);

the2 = p(3);

if(E4 < -E2+ 1/2* m_mu)

Gamma =0;

return

end

AmplitudeSquared = (g/M_w )^4*( m_mu )^2*E2*(m_mu -2*E2);

Gamma = AmplitudeSquared /((4*pi)^4* m_mu)*sin(the2);

end

end

Listing 6: Autoregression

function [S,sigma , b0, b1, b2, ...

std_sigma , std_b0 , std_b1 , std_b2] = autoregression ()

% Fits an autoregressive model of order 2 by means of Bayes ' theorem

% Output: S, estimate of y_{n+1}

% sigma , mean of the sigma paramteter

% b0 ,b1 ,b2 , mean of the beta_0 , beta_1 , beta_2 parameter

% std_sigma , standard deviation of the sigma parameter

% std_b0 , std_b1 , std_b2 , standard deviation of the

% beta_0 , beta_1 , beta_2 parameter

% initializes a constant seed to get reproducable results

RandStream.setDefaultStream(RandStream('mt19937ar ','Seed' ,0));

% GDP from Q1 2004 to Q2 2009 in units of 10^13 * $

name = 'bip';

y = [11597.2 ,11778.4 ,11950.5 ,12144.9 ,12379.5 ,12516.8 ,12741.6 , ...

12915.6 ,13183.5 ,13347.8 ,13452.9 ,13611.5 ,13795.6 ,13997.2 , ...

14179.9 ,14337.9 ,14373.9 ,14497.8 ,14546.7 ,14347.3 ,14178 , ...

14151.2] / 10000;

%{

% Remove the %{ %} to get the "artificial" example

name = 'artificial ';

y = [0;1];

n = 100;

for i=3:n

y(i) = 0.2 + 1.1*y(i-1) - 0.1*y(i-2) + 0.03* randn ();

end

%}

% Sample

N = 500000;

x = metropolis(N, @likelihood , [0.01;0.03;0.03;0.03] , ...

5000, 10, 4);

% Compute mean and standard deviation of the parameters

sigma = mean(x(1 ,:));

b0 = mean(x(2 ,:));
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b1 = mean(x(3 ,:));

b2 = mean(x(4 ,:));

std_sigma = std(x(1 ,:));

std_b0 = std(x(2 ,:));

std_b1 = std(x(3 ,:));

std_b2 = std(x(4 ,:));

% Estimate y_{n+1}

S = 0;

for k=1:N

S = S + modelfunc(x(2:4,k),y(end),y(end -1));

end

S = S/N;

% Create histograms

createhist(x(1,:), '\sigma', strcat(name ,'_sigma '));

createhist(x(2,:), '\beta_0 ', strcat(name ,'_beta0 '));

createhist(x(3,:), '\beta_1 ', strcat(name ,'_beta1 '));

createhist(x(4,:), '\beta_2 ', strcat(name ,'_beta2 '));

function createhist(x, xlab , filename)

% Creates the histogram for different vectors

% and labels

rhist(x' ,30);

xlabel(xlab , 'FontSize ', 15);

ylabel('Probability ', 'FontSize ', 15);

set(gca , 'FontSize ', 15);

h = findobj(gca ,'Type','patch');

set(h(1), 'FaceColor ', [0 0 0.8]);

fh = figure (1);

set(fh , 'color ', 'white ');

set(gca , 'Box', 'off');

set(gca , 'TickDir ', 'out');

print('-dpng','-r200',filename );

end

function P = likelihood(p1, p2)

% Computes the likelihood function

if p1(1) < 0 || p2(1) < 0

P = 0;

return;

end

yh1 = modelfunc(p1(2:4) , y(2:end -1), y(1:end -2));

yh2 = modelfunc(p2(2:4) , y(2:end -1), y(1:end -2));

d1 = abs(yh1 - y(3: end ));

d2 = abs(yh2 - y(3: end ));

d1 = normpdf(d1 , 0, p1(1));

d2 = normpdf(d2 , 0, p2(1));
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P = prod(d1 ./ d2);

end

function z = modelfunc(p,y1,y2)

% The model function A(x)

z = p(1) + p(2)*y1 + p(3)*y2;

end

end

Listing 7: Variational quantum Monte Carlo method

function [I,stddev] = vqmc()

% estimates the ground state energy of helium by using

% variational quantum Monte carlo methods

m = 511000;

alpha = 1/137;

a0 = 1/(m*alpha ); %bohr radius

% initializes a constant seed to get reproducable results

RandStream.setDefaultStream(RandStream('mt19937ar ','Seed' ,0));

% compute the integral for Z in the interval [1,2]

N = 50000;

z = linspace (1 ,2 ,20);

for i=1: length(z)

Z = z(i);

[I(i), stddev(i)] = impsampling ();

end

% plot the result

errorbar(z, I, stddev , '-o','Color', [0 0 0.8], ...

'LineWidth ',1,'MarkerEdgeColor ' ,[0 0 0.8], ...

'MarkerFaceColor ', [1 1 1],'MarkerSize ', 5);

xlabel('Z', 'FontSize ', 15);

ylabel('E_T', 'FontSize ', 15);

set(gca , 'FontSize ', 15);

fh = figure (1);

set(fh , 'color ', 'white ');

set(gca , 'Box', 'off');

axis ([0.9 ,2.1 , -81 , -63])

set(gca , 'TickDir ', 'out');

print -dpng -r200 vqmc

% compute the integral at the minimum with more precision

N = 200000;

[val ,ind] = min(I);

Z = z(ind);

[I,stddev] = impsampling ();
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function [I, stddev] = impsampling ()

% implements importance sampling by using the Metropolis algorithm

% Output: I, estimation of the integral

% stddev , approximation of the standard deviation of I

x = metropolis(N, @P, a0/(2*Z), 5000, 10, 6);

S = 0;

stddev = 0;

for k=1:N

r = x(:,k);

y = Hpsi(r)/psi(r);

S = S + y;

stddev = stddev + y^2;

end

I = S/N;

stddev = sqrt(stddev /(N*(N-1)) - 1/(N -1)*(I)^2);

end

function y = psi(r)

% \psi_T

r1 = r(1:3);

r2 = r(4:6);

y = Z^3/(pi*a0^3)* exp(-Z*(norm(r1)+norm(r2))/a0);

end

function y = dpsi(r,var)

% Second derivative of \psi_T by r_var

y = Z*r(var )^2/(a0*norm(r)^3) - Z/(a0*norm(r)) + ...

Z^2*r(var )^2/( norm(r)^2*a0^2);

end

function y = Hpsi(r)

% Computes H \psi_T

r1 = r(1:3);

r2 = r(4:6);

Laplacenew = 0;

for l=1:3

Laplacenew = Laplacenew + dpsi(r1,l) + dpsi(r2,l);

end

Laplacenew = psi(r)* Laplacenew;

Potentials = -alpha *(2/ norm(r1) + 2/norm(r2));

Interaction = alpha *1/( norm(r2 -r1));

y = -1/(2*m)*( Laplacenew) + Potentials*psi(r) + ...

Interaction*psi(r);

end

function y = P(r,u)

% Computes the fraction that is used in the Metropolis algorithm

y = abs(psi(r))^2 / abs(psi(u))^2;

end

end
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Listing 8: Muon decay (CPU)

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#include <limits.h>

#include <time.h>

#define PI 3.14159265358979323846f

#define G 0.66f

#define M_W 80.4f

#define M_MU 0.105f

#define ITERATIONS_PER_THREAD 100

#define NUMBER_OF_THREADS 100

#define NUMBER_OF_BLOCKS 100

#define NUMBER_OF_ITERATIONS 1000

#define D 4

#define N (ITERATIONS_PER_THREAD*NUMBER_OF_THREADS*NUMBER_OF_BLOCKS)

#define N_TOTAL (N*NUMBER_OF_ITERATIONS)

/* Xor -shift random number generator

*/

void randui(unsigned int *a) {

unsigned int t = a[0] ^ (a[0] << 11);

a[0] = a[1];

a[1] = a[2];

a[2] = a[3];

a[3] = (a[3] ^ (a[3] >> 19)) ^ (t ^ (t >> 8));

}

void randf(float *y, unsigned int *seed) {

randui(seed);

*y = (( float )*seed )/(( float)UINT_MAX );

}

void randuniform(float *p, float* V,unsigned int *seed) {

int k=0;

float x;

for(;k<D;k++) {

randf (&x, seed);

p[k] = V[k] + (V[D+k] - V[k])*x;

}

}

/* Function to be integrated

*/
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void f(float *p, float *ret) {

float E2 = p[0];

float E4 = p[3];

float the2 = p[2];

if(E4 < -E2 + M_MU /2.0f) {

*ret = 0;

return;

}

*ret = (1.912059445E-14)* E2*(M_MU -2*E2)*sin(the2);

}

/* Computes Volume

*/

void volume(float *V, float *vol) {

int k = 0;

*vol = 1;

for(;k<D;k++)

*vol *= V[D+k]-V[k];

}

/* Computes sum by means of a sum tree

*/

void sum(float *p, int n) {

while(n > 1) {

for(int j=0;j<n/10;j++) {

float I = 0;

for(int k=0;k<10;k++) {

I += p[j*10 + k];

}

p[j] = I/10.0f;

}

n = n/10;

}

}

/* Main

*/

int main() {

clock_t start = clock ();

srand( 0 );

unsigned int seed [4];

seed [0] = rand ();

seed [1] = rand ();

seed [2] = rand ();

seed [3] = rand ();

float y;

float I = 0;

float p[D];

float vol;
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float V[2*D] = {0,0,0,0, M_MU /2.0f, 2*PI, PI, M_MU /2.0f};

float *It = (float*) malloc(sizeof(float )*N);

float *Is = (float*) malloc(sizeof(float )* NUMBER_OF_ITERATIONS );

for(int j=0;j<NUMBER_OF_ITERATIONS;j++) {

for(int k=0;k<NUMBER_OF_THREADS*NUMBER_OF_BLOCKS;k++) {

It[k] = 0;

for(int l=0;l<ITERATIONS_PER_THREAD;l++) {

randuniform(p, V, seed);

f(p, &y);

It[k] += y;

}

It[k] /= (float)ITERATIONS_PER_THREAD;

}

sum(It , NUMBER_OF_THREADS*NUMBER_OF_BLOCKS );

Is[j] = It[0];

}

volume(V, &vol);

sum(Is , NUMBER_OF_ITERATIONS );

I = vol*Is[0];

printf("Computed %E samples in %f\n seconds\r\n", (float)N_TOTAL ,

(( double)clock() - start) / CLOCKS_PER_SEC );

printf("I: %E\r\n", I);

printf("ERROR: %fE -19\r\n", (3.04226623514192E-19-I)*1E19 );

printf("Rel. Error: %.14Lf\r\n",

abs (3.04226623514192E -19/(( double)I) -1.0) );

free(It);

free(Is);

return 0;

}

Listing 9: Muon decay (GPU)

#include <stdio.h>

#include <math.h>

#include <limits.h>

#include <cutil_inline.h>

#include <time.h>

#define PI 3.14159265358979323846f

#define G 0.66f

#define M_W 80.4f

#define M_MU 0.105f

#define ITERATIONS_PER_THREAD 100

#define NUMBER_OF_THREADS 100

#define NUMBER_OF_BLOCKS 100

#define NUMBER_OF_ITERATIONS 100000

#define D 4
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#define N (ITERATIONS_PER_THREAD*NUMBER_OF_THREADS*NUMBER_OF_BLOCKS)

#define N_TOTAL (N*NUMBER_OF_ITERATIONS)

#define N_TOTAL_F ((float)N*( float)NUMBER_OF_ITERATIONS)

/* Xor -shift random number generator

*/

__device__ void randui(unsigned int *a) {

unsigned int t = a[0] ^ (a[0] << 11);

a[0] = a[1];

a[1] = a[2];

a[2] = a[3];

a[3] = (a[3] ^ (a[3] >> 19)) ^ (t ^ (t >> 8));

}

__device__ void randf(float *y, unsigned int *seed) {

randui(seed);

*y = (( float)seed [3])/(( float)UINT_MAX );

}

__device__ void randuniform(float *p, float* V, unsigned int *seed) {

int k=0;

float x;

for(;k<D;k++) {

randf (&x, seed);

p[k] = V[k] + (V[D+k] - V[k])*x;

}

}

/* Function to be integrated

*/

__device__ void f(float *p, float *ret) {

float E2 = p[0];

float E4 = p[3];

float the2 = p[2];

if(E4 < -E2 + M_MU /2.0f) {

*ret = 0;

return;

}

*ret = (1.912059445E-14)* E2*(M_MU -2*E2)* __sinf(the2);

}

/* (GPU) Kernel

*/

__global__ void plainmc(float *d_I , float *V, unsigned int *d_seed) {

float y;

unsigned int seed [4];

seed [0] = d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)];

seed [1] = d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+1];

seed [2] = d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+2];
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seed [3] = d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+3];

float I = 0;

float p[D];

for(int k=0;k<ITERATIONS_PER_THREAD;k++) {

randuniform(p, V, seed);

f(p, &y);

I += y;

}

d_I[NUMBER_OF_THREADS*blockIdx.x + threadIdx.x]

= I/(( float)ITERATIONS_PER_THREAD );

d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)] = seed [0];

d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+1] = seed [1];

d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+2] = seed [2];

d_seed [4*( NUMBER_OF_THREADS*blockIdx.x+threadIdx.x)+3] = seed [3];

}

/* Computes Volume

*/

void volume(float *V, float *vol) {

int k = 0;

*vol = 1;

for(;k<D;k++)

*vol *= V[D+k]-V[k];

}

/* Computes sum by means of a sum tree

*/

void sum(float *p, int n) {

while(n > 1) {

for(int j=0;j<n/10;j++) {

float I = 0;

for(int k=0;k<10;k++) {

I += p[j*10 + k];

}

p[j] = I/10.0f;

}

n = n/10;

}

}

/* Host code

*/

int main()

{

clock_t start = clock ();

/* Declare host and device variables */
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size_t size = NUMBER_OF_THREADS*NUMBER_OF_BLOCKS * sizeof(float );

size_t ulsize = NUMBER_OF_THREADS*NUMBER_OF_BLOCKS *

sizeof(unsigned int) * 4;

float I = 0;

float vol;

float *d_I;

float *d_V;

unsigned int *d_seed;

float *h_I;

float *Is;

float h_V[2*D] = {0,0,0,0, M_MU /2.0f, 2*PI, PI, M_MU /2.0f};

unsigned int h_seed[NUMBER_OF_THREADS*NUMBER_OF_BLOCKS *4];

h_I = (float *) malloc(size);

Is = (float*) malloc(NUMBER_OF_ITERATIONS*sizeof(float ));

cudaMalloc ((void **)& d_I , size);

cudaMalloc ((void **)&d_V , 2*D*sizeof(float ));

cudaMalloc ((void **)& d_seed , ulsize );

/* Initialize variables */

srand( 0 );

for(int j=0;j<NUMBER_OF_THREADS*NUMBER_OF_BLOCKS;j++) {

h_seed [4*j] = (unsigned int)rand ();

h_seed [4*j+1] = (unsigned int)rand ();

h_seed [4*j+2] = (unsigned int)rand ();

h_seed [4*j+3] = (unsigned int)rand ();

}

/* Copy to device (graphic card) */

cudaMemcpy(d_V , h_V , 2*D*sizeof(float), cudaMemcpyHostToDevice );

cudaMemcpy(d_seed , h_seed , ulsize , cudaMemcpyHostToDevice );

/* Computation */

for(int l=0;l<NUMBER_OF_ITERATIONS;l++) {

plainmc <<<NUMBER_OF_BLOCKS , NUMBER_OF_THREADS >>>

(d_I , d_V , d_seed );

cudaMemcpy(h_I , d_I , size , cudaMemcpyDeviceToHost );

sum(h_I , NUMBER_OF_THREADS*NUMBER_OF_BLOCKS );

Is[l] = h_I [0];

}

sum(Is , NUMBER_OF_ITERATIONS );

volume(h_V , &vol);

I = vol*Is[0];

/* Output results */

printf("Computed %E samples in %f\n seconds\r\n",

N_TOTAL_F , (( float)clock () - start) / CLOCKS_PER_SEC );

printf("I: %E\r\n", I);

printf("ERROR: %fE -19\r\n", (3.04226623514192E-19-I)*1E19 );

printf("Rel. Error: %.14Lf\r\n",
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abs (3.04226623514192E -19/(( double)I) -1.0) );

/* Free variables */

cudaFree(d_I);

cudaFree(d_V);

cudaFree(d_seed );

free(h_I);

free(Is);

return 0;

}
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