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Review of Arnoldi [one-sided Lanczos] process; notation
For given matrix A ∈ Rn×n [ Lanczos: A = AT ]

• Start from v ∈ Rn; build Krylov space Km = Km(A, v)

• Orthonormal Arnoldi vectors vi span Km

Vm+1 =


...

...
...

v1 · · · vm v̄
...

...
...

=
Vm v̄

∈ Rn×(m+1)

• v̄ := vm+1 ⊥ Km

• hi,j = vT
i Avj ; upper Hessenberg matrix (γ := hm+1,m)

H̄m =



h1,1 h1,2 h1,3 . . . h1,m

h2,1 h2,2 h2,3 . . . h2,m

h3,2 h3,3 . . . h3,m

. . .
. . .

...
hm,m−1 hm,m

γ


=

 Hm

γ eT
m

∈ R(m+1)×m

• Hm ∈ Rm×m : quadratic upper Hessenberg [or symm. tridiagonal]
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Krylov approximation of matrix functions
FOM approximation of u∗ = φ(A)v

• Arnoldi ;

AVm = Vm Hm + γ v̄ eT
m, Hm = V T

m AVm, V T
m Vm = Im

• FOM approximation (β = ‖v‖2 ) :

um = Vm φ(Hm)V T
m v = βVm φ(Hm)e1 ≈ φ(A)v = u∗

• Here:

– Main interest in rational φ(A)v

– This talk: Representation of error um − u∗
(first step towards a posteriori error estimation)

– Not yet computationally realized

– Application: Rational integrators
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Review: Approximation of matrix exponential
[ Saad; Hochbruck, Lubich, Selhofer; Lopez, Simoncini; Botchev; . . . ]

• FOM approximation:
um = Vm exp(tHm)V T

m v = βVm exp(tHm)e1 ≈ exp(tA)v = u∗

• Approximate exp(tHm), e.g., by Padé

• ¿ What is the ‘residual’ of um ?

• ¿ Representation of error em = um − u∗ ?

• Consider um = um(t) = Vm ξm(t) as continuous object ;

ξ′m(t) = Hm ξm(t), ξm(0) = β e1

⇒ ξm ∈ Rm is solution of projected IVP

• Defect of um(t) w.r.t. u′ = Au :
rm(t) := u′m(t)− Aum(t) = Vm Hm ξm(t)− AVm ξm(t)

= −γ v̄ eT
m ξm(t) = −γ (ξm(t))m v̄ ⊥ Km

• For error estimation: Approximate equation for em = um − u∗,
e′m(t) = Aem(t) + rm(t)

again by Krylov techniques
(Details: Van den Eshof, Hochbruck (2006); Botchev (2011)) 5 / 12



Approximation of rational matrix function
Analogous procedure for φ(A) = R(A), R(z) = Q(z)−1 P(z)

• u∗ = R(A)v ! linear system for u∗ :
Q(A)u = P(A)v (∗)

• FOM approximation for linear system (∗) :
um = Vm Q(Hm)−1V T

m P(A)v

Assume m > degree(P) ⇒
um = Vm Q(Hm)−1V T

m Vm︸ ︷︷ ︸P(Hm)V T
m v

= Vm Q(Hm)−1
︷︸︸︷
Im P(Hm)V T

m v = Vm R(Hm) V T
m v︸ ︷︷ ︸

= β e1

= direct FOM approximation for φ(A) = R(A)

• Q(A) usually very ill-conditioned

• ⇒ Residual w.r.t. (∗),
rm = Q(A)um − P(A)v = Q(A)um − Vm P(Hm)V T

m v

is not a reasonable quality measure for um ≈ u∗.

• Remark: In time integrators, typically R(tA), t = step length
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Representation of approximation error
Review of FOM residual and error for Au = v

• Simplest case: u∗ = A−1 v (P(z) = 1, Q(z) = z)

;
um = Vm H −1

m V T
m v = Vm H−1

m β e1

= Vm ξm, with Hm ξm = β e1, ξm ∈ Rm

;
rm = Aum − v = AVm ξm − v

= (VmHm + γ v̄ eT
m)ξm − v

= �v + γ (eT
m ξm) v̄ − �v = γ (ξm)m v̄ ⊥ Km

;
em = um − u∗ = A−1rm = γ (ξm)m A−1 v̄

• I.e., error em is solution of

Aem = γ (ξm)m v̄

. . . problem of original type, with a posteriori data, and v̄ = vm+1

• Extension to general rational case −→
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Representation of approximation error
Representation of FOM error em = um − u∗

• Rational case: β = ‖v‖2, γ = hm+1,m

um = Vm ξm with ξm = βR(Hm)e1 ∈ Rm

• Let
em = um − u∗ = Vm ξm − R(A)v

Lemma. For m > degree(P)

em = Rm(A) v̄ with Rm(z) = Q(z)−1Pm(z)

Pm(z) a posteriori defined in terms of ξm
(degree(Pm) = degree(Q)−1)

• For proof: Write
Q(z) =

k∑
j =0

qj z j

and evaluate residual:

rm = Q(A)um − P(A)v = γ
k∑

j =0

qj Ej ξm

with recursively defined Ej ∈ Rn×m, E1 = v̄ eT
m
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Representation of approximation error
Proof of Lemma: derive representation for residual rm, (i)

• V := Vm, H := Hm

• With AV = VH + γ v̄ eT
m, consider

Q(A)V =
k∑

j =0

qj A jV

• Recursion:
– j =0 :

A0V = VH 0 + γE0, E0 = 0
– j =1 :

A1V = VH 1 + γE1, E1 = v̄ eT
m

– j =2 :

A2V = A(A1V )
!

= A(VH 1 + γE1) = (AV )H 1 + γAE1

!
= (VH + γE1)H 1 + γAE1 = VH 2 + γE2, E2 = E1H + AE1

– ; For j =0, 1, 2, 3, . . . :

A jV = VH j + γEj , Ej = E1H j−1 + A1Ej−1

• Here,
E3 = E1H 2 + AE1H + A2E1

E4 = E1H 3 + AE1H 2 + A2E1H + A3E1, etc.
9 / 12



Representation of approximation error
Proof of Lemma: derive representation for residual rm, (ii)

• Apply:

Q(A)um = Q(A)V ξm =
k∑
j=0

qj A jV ξm =
k∑
j=0

qj (VH j +γEj )ξm

= VQ(H)ξm + γ
k∑
j=0

qj Ej ξm

• with

– j =0 :
E0 ξm = 0

– j =1 :
E1 ξm = v̄ eT

m ξm = (eT
m ξm) v̄ = (ξm)m v̄

– j =2 :

E2 ξm = (E1H + AE1)ξm = v̄ (eT
m H ξm) v̄ + (ξm)m Av̄

= (H ξm)m v̄ + (ξm)m Av̄

– j =3 :

E3 ξm = . . . = (H 2ξm)m v̄ + (H ξm)m Av̄ + (ξm)m A2v̄

etc. ;
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Representation of approximation error
Proof of Lemma: Representation for residual rm and error em

• ; residual:

rm = VmQ(Hm)ξm + γ

k∑
j =0

qj Ej ξm − VmP(Hm)V T
m v

= Vm
(
Q(Hm)ξm − βP(Hm)e1

)︸ ︷︷ ︸
= 0 (FOM)

+ γ
k∑

j =0

qj Ej ξm

= γ

k∑
j =0

qj Ej ξm =: Pm(A) v̄ , degree(Pm) = k−1

• ; error:

em = um − R(A)v = Q(A)−1(Q(A)um − P(A)v
)

= Q(A)−1rm = Rm(A) v̄ , Rm(z) = Q(z)−1Pm(z)

⇒ Lemma �

• ; em = solution of problem of original type,
with a posteriori data, and v̄ = vm+1
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A posteriori error estimation
Remarks, outlook

• Coefficients of Pm(z) : depend on

(H 0
m ξm)m, (H 1

m ξm)m, . . . , (H k−1
m ξm)m, k = degree(Q)

(optimize evaluation in course of overall process)

• For error estimation: Approximate error equation

em = Rm(A) v̄ = Q(A)−1Pm(A) v̄

• . . . t.b.d. – consider similar techniques as for φ(A) = exp(A)

• E.g., use continued Krylov process.
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