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Exercise 1

Prove the reccurence relation
1
¢;(hC)f = ﬁf+ hC¢;1(RC)f (1)

for all j=0,1,2, and f € X.

Proof. Fix h > 0. For j = 0, we have by definition

h h
61(hC)f = hC /0 {ICf gr = © /0 eCf ds=eCf -,

where we used Lemma 2.9 in the last equality. Since ¢o(hC) := €, (1) for j = 0
follows.

Now, let j > 0 and f € D(C). Since (s — e**f) is continuously differentiable with
derivative Ce*4, using integration by parts, we obtain

1 [h pi-1
6;(hC)f = 3 /0 (].T_ 1)!e(h_T)C fdr

1 1 [l
_ = s o (h—T)C
—j!f+hj/0 j!C’e f dr

1 1 [t
— - ! (h—7)C
_j!f+chj/(] j!e fdr,

where the last equality holds since C' is closed. Therefore, (1) holds for f € D(C). For
arbitrary f € X, let (f,,) C D(C) be a sequence converging to f. From above, we know

¢ (hC) fr, = ;!fn + hC¢;j1(hC) fr Vn € N.



This implies, because ¢;(hC) is bounded, that hC'¢ ;41 (hC) f,, converges to ¢;(hC) f— %f
as n — 00. Therefore, by boundedness of ¢;,1(hC), we have

0741(hC) fu = b1 (hC)f,  hCG;11(hC) f — d5(hC)f — ]1' 4

as n — o0o. Since C' is closed, we conclude that ¢;11(hC)f € D(C) and

hCbyar (hO) f = by (hC) f — jl,f

Exercise 2

Let C be the operator from Ezample 11.5. Prove that the H*-norm makes D(C?) a Ba-
nach space.

Proof. Tt suffices to show that D(C?) is a closed subspace of (H*(Q), ||.||z4). Let f, €
4
D(C?) and f, By (this denotes convergence in H*) as n — oo. Clearly, this implies

that fo 5 f and f, 5 f. Since f, € D(C) = HL(Q) N H2(Q), it follows that f € D(C)
because H}(Q2) and H?(Q) are Banach spaces.

Now, we show C'f,, H Cf. Since a,b € C3(€), one easily sees that for f € D(C)
Cf = (A+ B)f = 0,(ady.f) + 0,(b0, f) € H.

In fact, for instance

3
0ese(0e )l < 3 Oz 5m fH < M| fl < o0

Here,
i

o G’

which exists since a € C3(Q2) and where C > 0 is a suitable constant. Analogously, we
deduce

M = C max

(2)

aaﬁ
IC o = Cfllr2g) < > | aa/j(f Flllzzy < M f = ful s,
(a,8)ENXN,a+B<4

where M, 5 is computed similarly as in (2). Since f, Ii;l f, it follows that C'f, Iii Cf

and Cf, ™ Of. Thus, Cf € HY(Q) N H2(Q) = D(C). Therefore, f € D(C?).
O



Exercise 3

Consider the operators A, B and C from Example 11.5 with a = b = 1. Show that they
generate an analytic contraction semigroups.

Proof. Since for a = b = 1 the operators A and B are only ‘working’ on either x or
y, this operators can be considered on L?(0,1) instead of L*(2). From lecture 1 and
2 we know that they generate the heat semigroup on L?(0,1), which is a contraction
semigroup. To show that we even get an analytic semigroup, we apply Proposition 9.19.
Therefore, it remains to show that there exist an o € (0, 7/2) such that e7**A and e’ A
generate bounded semigroups. Since for f € D(A), we obtain using the integration by
parts formula that

(e Af, ) r201) = eﬂa/olf”(t)f(t) dt

1
Sl W AOVIORY
0
= —ei’a||f’||%2(0’1).

For a € (0,7/2), we deduce that Re(et™@Af, f)r200,1) < 0, hence et A is dissipative.
Clearly, e**® A are densely defined, closed and their resolvent sets include (0, 00), because
these properties hold for A. Thus, by the Lumer-Phillips theorem (lecture 6), these
operators generate a contraction semigroup and, hence, by Prop. 9.19, we conclude that
A generates a (bounded) analytic semigroup. Obviously, the argumentation for B is the
same.

For C, we have seen a similar result in lecture 2 (the heat semigroup on L?(R) is a
contraction semigroup). In fact, to show that C' (X = L?(Q2)) is the generator of a
contraction semigroup, we use the Lumer-Phillips theorem once again. Apparentely, the
domain of C is dense in L?(f) and the operator is closed (since C' is the closure of its
restriction to C?(£2)). Furthermore, from PDEswe know (see e.g.!) that for g € C?(9)
the elliptic equation

-Af+f=g, f=0 on 09,

has a solution in C?(Q)). Hence, rg(I—C) is dense. Finally, for f € D(C) we make a
similar observation as above,

<€iia0f,f>L2(Q) — ptic /agz f(Vf-v)dv— eim/QVf-Vf dx
= — V2

which has real-part less or equal zero for « € (0,7/2) (and also for « = 0). By Lumer-
Phillips, we conclude that e***C (and A) generate contraction semigroups, thus, C' is
the generator of a bounded(contraction) analytic semigroup by Prop. 9.19. O

'Evans, R., Partial Differential Equations. Graduate Studies in Mathematics, American Mathemati-
cal Society, 1998.



Exercise 4

Suppose A generates a contraction semigroup on the Hilbert space H. Prove that the
Cayley transform
G=I+A)(I1-4)"

is a contraction, i.e. |G| < 1.

Proof. We begin with the following fact, which is easy to see
I-A 21

— — -1 = —— _— — -1
G=(I+A)1-A) I—A+I—A [+2(I-A)"".
Using this, we see, for z € X, that
1Gz|* = [l«]|* + 4 (T - A) " z]| — 4Re((I —A) 'z, z). (3)

Since A generates a contraction semigroup, A is dissipative (by Hille-Yoshida Theorem).
Let us note, as seen in lecture 6, that dissipativity is equivalent to

Re(y, Ay) <0 Vy e D(A).
This implies
Ily[I> = Re(y, (I-A)y) < 0. (4)

By defining y = (I—A4) "2, (4) can be used to estimate the right hand side in (3), which
reads then
1Gz|* < [|=[*.

Thus, |G| < 1. O

Exercise 5

Prove Theorem 11.14

Theorem. The Marchuk-Strang splitting is convergent at time level t > 0 if the stability
condition (11.10) holds for the approximate semigroups, and the approximate generators
satisfy Assumption 11.7.

Proof. Basically, the proof is very similar to one done for the sequential splitting. Recall
that the Marchuk-Strang splitting is defined by

Fm - Tm(h/Q)Sm(h)Sm(h/2)7

where T, and S, denote the approximate semigroups. As in the lecture, let A,,, By
be the corresponding generators respectively and T, S (A, B) be the ‘exact’ semigroups
(generator). Furthermore, let the closure C' of A + B generate a semigroup. As for



the sequential splitting, in order to show the convergence, we are going to apply the
Modified Chernoff Theorem, Theorem 11.11. Clearly, F},(h) is a bounded operator and
F,(0) =1for all m € N, h > 0. Furthermore, the following stability

1(Fon (R)*]| < Me*

holds by Assumption 11.7. and Exercise 5 of lecture 10. Therefore, to apply Theorem
11.11, it remains find A > 0 and a dense subspace Y such that for f € Y

. JmFumf - Jumf
lim

m—00 h

exists uniformly in h € (0,to] (for some tg > 0) and that

- (5)

Gf:= lim lim

h—0+ m—o0

exists. Furthermore, (A\I —G)Y should be dense.
For that, we consider some fixed t5 > 0 and

%[JmFm(h)me — JmPrf] = Jme(h/Q)Sm(h)T?(humf e
. 1 J T (h/2) P f — Jin P f
= T Ton(h/2)Sp(h) P 5 hJ2
_ 1 I T (1/2) Pon f = Jon P f
— Jme(h/2)Sm(h)Pm§ h/2 "

=a(m,h)

m~m Pm_um
T Ty (2) Py LS 0V Eond = I

h
:ﬁ(mvh)
1 JnTou(1/2) Puuf — JinPonf
2 h/2
:7(m7h)

where we used that P,,J, = I several times. Now, the argument is similar as in the
proof for the sequential splitting: From Lemma 11.12 we know that for f € D(A),

I Ton()2) P f — JnPrnf 1

as m — oo uniformly in h € (0,tg]. Analogously, for f € D(B),

. IS (W) Py f — TP f
lim —

m—o0 h

[S(h)f = 11, (7)

Sl



as m — oo uniformly in h € (0,%p]. Let f € D(A) N D(B). To see the convergence of
B(m, h) we consider

160m, ) = BNl = 1T (h/2) Pors [ S (h) P — JinPo] = o Ton(/2) P B +
+ I Tm(h/2)PnBf — Bf||
R) Py — Jom
h
1T (h/2) P Bf — B,

QW@Mme%%( %—MW-

Since ||Jp T (h/2) Pl < Celt/2% for all m € N and h € [0,to] and because of (7), the
first term converges to zero as m — oo and h — 07 (the limit for m — oo is uniformly
in h). By Remark 11.8 and the strong continuity, this convergence also holds for the
second term.

Similarly, a(m,h) — (1/2)Af can be seen. For (m, h) we can apply (6) directly.
Altogether, we obtain that

lim a(h,m), lim B(h,m) and lim ~(m,h)

m—00 m— 00 m—00

exist uniformly in h € (0,to] and that

lim lim (a(h,m)+ B(h,m) + v(m, h)) = %Af +Bf + %Af.

h—0+ m—o0

Therefore, for f € D(A) N D(B)

tn_ [ o Fon () P f — TP f]

m—r0o0

exists uniformly in h € (0,to] and

hli}rggr ngnoo % (I Fm(R) P f — J P f] = Af + Bf = Cf.
Hence, we set Y = D(A) N D(B) which is dense by assumption. Since C' generates a
semigroup, there exists a positive A such that (A\I—C) is boundedly invertible. Thus,
(AMI-C)Y is also dense (in fact, assume that there exists a non-empty open set O C X
such that O N (AI-C)Y = (). Therefore, and since (A\I—C) is boundedly invertible,
(AI-C)710 is a non-empty open set with (A\I—-C)~'ONY = . This contradicts that
Y is dense.)

O



